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Abstract
Echo state networks (ESN) have been shown to be an effective alternative to conventional
recurrent neural networks (RNNs) due to its fast training process and good performance in
dynamic system modelling. However, the performance of ESN can be affected by the randomly
generated reservoir. This paper presents nonlinear process modelling using ESN optimized by
covariance matrix adaption evolutionary strategy (CMA-ES). CMA-ES is used to optimize the
structural parameters of ESN: reservoir size, spectral radius, and leak rate. The proposed
method is applied to three case studies: modelling a time series, modelling a conic tank, and
modelling a fed-batch penicillin fermentation process. The results are compared with those
from the original ESN, long short-term memory network, GA-ESN (ESN optimized by genetic
algorithm), and feedforward neural networks. It is shown that the proposed method gives much
better performance than the original ESN and other networks on all the three case studies.
Keywords: Process modelling; Echo state networks; Neural networks; Recurrent neural
networks; Evolutionary strategy; CMA-ES.

1. Introduction
Recurrent neural networks (RNNs) are very useful in solving complicated temporal machine
learning and engineering tasks. RNNs have cycles and loops of synaptic connections which are
more similar to synapses system in human brains. In contrast to feedforward neural networks
(FNN), the outputs of some neurons in RNNs are fed back to their inputs or other neurons in
the previous layers. So RNNs exhibit dynamic temporal behaviour and process arbitrary
sequences of inputs by its internal memory. Nonetheless, RNNs still have some limitations in
real-world applications including the possibility of bifurcation, no global convergence
guarantee, and more importantly the slow training process due to using gradient descent
methods (Antonelo et al., 2017). A new type of RNNs named echo state networks (ESNs) was
proposed in (Jaeger and Haas, 2004). The training of ESNs does not require backpropagation
through time (BPTT) and can be done very quickly. A similar type of RNNs called liquid state
machines (LSM) was reported (Maass et al., 2002). In addition, a new learning approach for
recurrent neural network, backpropagation-decorrelation rule, was proposed (Steil, 2006).
*
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These three approaches are now often referred to as reservoir computing (RC). In RC, the
networks are generally constituted by two main parts, the reservoir which is a high-dimensional
recurrent pool of neurons with randomly generated and fixed synaptic weights and a linear
adaptive readout output layer which maps the internal reservoir states to the network output.
These types of RNNs have some significant advantages like the rapid training procedure,
guaranteed optimality in the least squares sense, and producing excellent results. Some RC
applications have been reported in the machine learning and engineering fields such as dynamic
pattern classification (Jaeger, 2001), speech recognition of isolated digits (Verstraeten et al.,
2005), and the computation of highly nonlinear functions on the instantaneous rates of spike
trains (Maass et al., 2004).
Even though reservoir computing has been successfully utilized for solving real-world tasks, it
is still difficult to tune the reservoir parameters. ESN has several limitations in practical
applications, such as the reservoir properties are hard to be understood and the initialization of
reservoir parameters, for instance the size and spectral radius of the reservoir, is usually done
by experience. In addition, as the connections of the internal reservoir and the input weights
are generated randomly, the reservoirs are often determined by trial and errors, so reservoir
optimization is generally a challenge. In recent years, improvements of the original ESN have
been made in three main areas: the development of neurons type, the improvement of reservoir
topology, and using some optimization methods to optimize key structural parameters of ESN.
For the first aspect, spiking neurons (Verstraeten et al., 2007) can be used to increase the
prediction accuracy in modelling time-series data and pattern classification (Jaeger et al.,
2007a). Enriching the reservoir topologies gets the ESN suboptimal for some specific tasks and
many efficient reservoir construction schemes are proposed, such as small world topology
(Deng and Zhang, 2007), scale-free topology (Cui et al., 2012), and simple cycle reservoir
(Rodan and Tino, 2011), which are shown to give better performance than the original ESN.
As optimizing reservoirs is generally challenging and checking the performance of a resulting
ESN is relatively inexpensive, evolutionary optimization techniques such as evolutionary
strategy (ES) and genetic algorithm (GA) are a natural strategy for this optimisation task
(Lukoševičius and Jaeger, 2009). Evolutionary strategy is a useful global searching method for
optimization because they do not possess the limitations found in the traditional methods, thus
evolutionary strategies can be used to build a good ESN model. Optimization of ESN using
evolutionary strategies can generally be carried out using the following different approaches:
optimization of the reservoir topology, optimization of the connection weights, and

optimization of the reservoir parameters. If the optimization method operates on the connection
weights directly, the search space will be quite large, moreover, the variance of the performance
across different reservoirs with the same spectral radius is still quite substantial, which is
clearly undesirable (Schrauwen et al., 2008). In some earlier works on ESN reservoir
optimization, several evolutionary algorithms have been presented, including GA (Ferreira and
Ludermir, 2011), differential evolution (DE) (Otte et al., 2016), particle swarm optimization
(PSO) (Chouikhi et al., 2015), and Evolino (Schmidhuber et al., 2007). Additionally, other
metaheuristic methods were used to optimize the reservoir global parameters and topology
(Ferreira and Ludermir, 2010; Ferreira et al., 2013).
In this paper, a new method for optimizing ESN using covariance matrix adaptation evolution
strategy (CMA-ES) is proposed. CMA-ES is an efficient and widely used metaheuristic
approach to search optimal regions on complex spaces with the advantage of being invariant
against order-preserving transformations of the fitness function value and in particular against
rotation and translation of the search space (Hansen, 2006). Three global reservoir parameters,
reservoir size, spectral radius factor, and leak rate, are optimized by CMA-ES in this paper.
The reservoir size is the number of neurons in the reservoir layer. Spectral radius is the key
factor to maintain echo state property (ESP). Leak rate determines the time scales and status
updating scale in the reservoir.
The paper is organized as follows. Section 2 introduces ESN and CMA-ES and presents the
proposed training algorithm. Three case studies are presented in Section 3. Section 4 presents
the modelling results. Finally, Section 5 gives some conclusions.

2. Background and the proposed algorithm
2.1 Echo state networks
Echo state networks are a type of recurrent neural networks which are quite different from
classical RNNs in that stability can be maintained if the condition called ‘echo state property’
is satisfied. An ESN is composed of a reservoir and a linear output layer which maps the
reservoir states to the network output. Fig. 1 shows the original ESN where all input neurons
are connected to the reservoir neurons (the hidden layer) which are totally linked with the
output layer, while the output neurons can be reconnected backwards with the input neurons
and reservoir neurons. In Fig. 1, the solid arrows represent weights which are randomly
generated and remain unchanged, while the dashed arrows stand for weights to be learned. The

input weights are generated randomly, but the internal weights between reservoir neurons can
be created with a sparse connection density which means that internal neurons may not be fully
connected to each other but connected sparsely. In addition, the backwards weights for
recurrent connections from the output to the reservoir neurons (if necessary) can be generated
similarly as the input weights. When an ESN is established, the weights described above will
not change during the training process and only the readout output weights need to be learned.
Thus ESN can be built much faster with less computation effort than other RNNS trained by
BPTT approach.
The typical state updating and reservoir weight rescaling in ESN are given by Eq(1) and Eq(2)
respectively (Jaeger, 2002):
𝒙(𝑡) = 𝒇(𝑾𝒊𝒏 · 𝒖(𝑡) + 𝑾 · 𝒙(𝑡 − 1) + 𝑾𝒃𝒂𝒄𝒌 · 𝒚 (𝑡 − 1) + 𝑾𝒃𝒊𝒂𝒔 )
𝑾 ← 𝜹𝑾/|𝜽𝑴𝒂𝒙 |

(1)
(2)

In the above equations, 𝒖(𝑡) and 𝒙(𝑡) represents the inputs and the reservoir states at time 𝑡.
In addition, 𝒇() is the general activation function and it can be 𝒔𝒊𝒈𝒎𝒐𝒊𝒅() or 𝒕𝒂𝒏𝒉(). The
weights donated by 𝑾𝒊𝒏 , 𝑾𝒃𝒂𝒄𝒌 , 𝑾𝒃𝒊𝒂𝒔 , and 𝑾 represent the weights for input, feedback, bias,
and reservoir respectively. They are initialized randomly, generally from a normal distribution
with zero mean and unit variance. Then 𝑾 needs to be rescaled by dividing the matrix by the
largest absolute eigenvalue of W, |𝜽𝑴𝒂𝒙 |, and then multiplying by a spectral radius factor 𝜹 as
shown in Eq(2) to keep its ESP (Jaegeret al., 2007b). The output of an ESN is calculated as:
𝒚(𝑡) = 𝒇𝒐𝒖𝒕 (𝑾𝒊𝒏𝒐𝒖𝒕 · 𝒖(𝑡) + 𝑾𝒐𝒖𝒕 · 𝒙(𝑡 − 1) + 𝑾𝒐𝒖𝒕𝒐𝒖𝒕 · 𝒚 (𝑡 − 1) + 𝑾𝒃𝒊𝒂𝒔𝒐𝒖𝒕 ) (3)
where 𝒚(𝑡) presents the output at time 𝑡, 𝒇𝒐𝒖𝒕 is output layer activation function, and here a
linear function is used. The weights denoted by 𝑾𝒊𝒏𝒐𝒖𝒕 , 𝑾𝒐𝒖𝒕 , 𝑾𝒐𝒖𝒕𝒐𝒖𝒕 , 𝑾𝒃𝒊𝒂𝒔𝒐𝒖𝒕 are the inputoutput, output, output-output and bias-output weights respectively. All the output weights are
learned by some linear regression algorithms such as pseudo-inverse, principal component
regression, ridge regression, and least angle regression. In this paper, the output equation is
simplified as:
𝒚(𝑡) = 𝑾𝒐𝒖𝒕 · 𝒙(𝑡 − 1)

(4)

For an ESN with K inputs, N reservoir neurons, and L outputs, 𝑾𝒊𝒏 is a 𝑁 × 𝐾 weight matrix,
𝑾 is a 𝑁 × 𝑁 weight matrix, 𝑾𝒐𝒖𝒕 is a 𝐿 × 𝑁 weight matrix and 𝑾𝒃𝒂𝒄𝒌 is a 𝑁 × 𝐿 weight
matrix. A new development of ESN is the addition of a leak rate factor 𝛼 which can effectively

coordinate the dynamic property of internal reservoir. The modification of the original ESN
equation is shown in Eq(5) (Lukoševičius and Jaeger, 2009):
𝒙(𝑡) = (1 − 𝛼) · 𝒙(𝑡 − 1) + 𝛼 · 𝒇(𝑾𝒊𝒏 · 𝒖(𝑡) + 𝑾 · 𝒙(𝑡 − 1) + 𝑾𝒃𝒂𝒄𝒌 · 𝒚 (𝑡 − 1)) (5)
A typical ESN does not use feedback connections, but for a time-series problem, adding
feedback connection can increase the prediction accuracy. However, this structure will
complicate the reservoir, increase the computation cost and reduce whole system stability.
During the training process, the reservoir states obtained are collected in a state matrix 𝑿 which
is updated at discrete time steps:
𝒙𝑇 (1)
𝒙𝑇 (2)
𝑿 = 𝑇⋮
𝒙 (𝑡)
⋮
[𝒙𝑇 (𝑛)]

(6)

and the corresponding target outputs are collected in a target output matrix 𝒀:
𝒚(1)
𝒚(2)
𝒀= ⋮
𝒚(𝑡)
⋮
[𝒚(𝑛)]

(7)

where n is the number of training samples. The readout matrix should then be obtained by
solving a linear regression problem:
𝑿 ∙ 𝑾𝒐𝒖𝒕 = 𝒀

(8)

The commonly used least-squares method can be used to solve 𝑾𝒐𝒖𝒕 :
𝑾𝒐𝒖𝒕 = 𝑎𝑟𝑔 min‖𝑿𝒘 − 𝒀‖2
𝑤

(9)

where ‖∙‖ denotes the Euclidean norm, and the readout matrix 𝑾𝒐𝒖𝒕 is given by the following:
𝑾𝒐𝒖𝒕 = (𝑿𝑻 𝑿)−1 𝑿𝑇 𝒀

(10)

However, Eq(10) can suffer from potential collinearity among reservoir states. A regularization
method named ridge regression has been shown to be an efficient method to calculate the
readout matrix (Dutoit et al., 2009). The ridge regression is a shrinkage method that consists
of adding a penalty term proportional to the Euclidean norm of the readout matrix:
𝑾𝒐𝒖𝒕 = 𝑎𝑟𝑔 min(‖𝑿𝒘 − 𝒀‖2 + 𝛾‖𝒘‖2 )
𝑤

(11)

where 𝛾 ≥ 0 is the ridge parameter determined on a hold-out validation set. The solution of
readout matrix is given as:

𝑾𝒐𝒖𝒕 = (𝑿𝑻 𝑿 + 𝛾 2 𝑰𝑁 )−1 𝑿𝑇 𝒀

(12)

where 𝑰𝑁 is the identity matrix of size N.

Fig. 1 Typical structure of an echo state network
2.2 Covariance matrix adaption evolution strategy
The covariance matrix adaption evolution strategy is a well-established evolutionary algorithm
for real-valued optimization with many successful applications (Hansen and Ostermeier, 2001).
The main advantages of CMA-ES lie in its invariance properties, which are achieved by
carefully designed variation and selection operators and its efficient adaptation of the mutation
distribution. CMA-ES is invariant against order-preserving transformations of the fitness
function value and in particular against rotation and translation of the search space.
In CMA-ES, the population of new search offspring 𝒙 ∈ ℝ𝑛 is generated by sampling a
multivariate normal distribution (Hansen et al., 2003):
(𝑔+1)

𝒙𝑘
(𝑔+1)

where 𝒙𝑘

~ 𝒎(𝑔) + 𝜎 (𝑔) ∙ ℵ(0, 𝑪(𝑔) ) 𝑓𝑜𝑟 𝑘 = 1, … , 𝑙

(12)

denotes the kth offspring at the (g+1)th generation, 𝒎(𝑔) is the mean value of the

search distribution at generation 𝑔, ℵ(0, 𝑪(𝑔) ) is a multivariate normal distribution with zero
mean and covariance matrix 𝑪(𝑔) , and 𝜎 (𝑔) is the step-size at generation 𝑔. After those l
individuals have been created, they are evaluated on the objective function, which is the mean
squared errors (MSE) of the ESN on the training data, and sorted according to their objective
function values. To implement CMA-ES, 𝒎(𝑔+1) , 𝜎 (𝑔+1) , and 𝑪(𝑔+1) need to be updated. The

new mean 𝒎(𝑔+1) of the search distribution is generated using truncation selection by choosing
𝜇 < 𝑙 out of l offsprings.
(𝑔+1)
𝜇
𝒎(𝑔+1) = ∑𝑖=1 𝑤𝑖 𝒙𝑖:𝑙

(13)

∑𝜇𝑖=1 𝑤𝑖 = 1 , 𝑤1 ≥ 𝑤2 ≥∙ ∙ ∙≥ 𝑤𝜇 > 0

(14)

‖𝒘‖

2

𝜇𝑒𝑓𝑓 = (‖𝒘‖1 ) =
2

‖𝒘‖21
‖𝒘‖22

=

𝜇
(∑𝑖=1|𝑤𝑖 |)

∑𝜇
𝑤2
𝑖=1 𝑖

2

=

1

(15)

∑𝜇
𝑤2
𝑖=1 𝑖

where 𝑤𝑖=1…𝜇 ∈ ℝ>0 , are positive weight coefficients for recombination. For 𝑤𝑖=1…𝜇 = 1/𝜇,
Eq(13) calculates the mean value of 𝜇 selected points. Usually, 𝜇𝑒𝑓𝑓 ≈

𝛾
4

indicates a

reasonable setting of 𝑤𝑖 .
The final equation for updating 𝒎 is:
(𝑔+1)
𝜇
𝒎(𝑔+1) = 𝒎(𝑔) + 𝑐𝑚 ∑𝑖=1 𝑤𝑖 (𝒙𝑖:𝑙
− 𝒎(𝑔) )

(16)

where 𝑐𝑚 ≤ 1 is the learning rate, usually set to 1.
For updating the covariance matrix 𝑪(𝑔+1) , the principle is to increase the variance of
successful searching directions. This means to increase the search probability in these
directions, the final covariance matrix adaptation combines rank-one-update with rank-μupdate:
(𝑔+1)

𝒑𝑐

(𝑔)

= (1 − 𝑐𝑐 )𝒑𝑐 + ℎ𝜎 √𝑐𝑐 (2 − 𝑐𝑐 )𝜇𝑒𝑓𝑓
(𝑔+1) (𝑔+1) 𝑇
𝒑𝑐

𝑪(𝑔+1) = (1 − 𝑐1 − 𝑐𝜇 )𝑪(𝑔) + 𝑐1 𝒑𝑐

𝜇

+ 𝑐𝜇 ∑𝑖=1 𝑤𝑖 (

𝒎(𝑔+1) −𝒎(𝑔)
𝜎(𝑔)

𝒎(𝑔+1) −𝒎(𝑔)
𝜎 (𝑔)

)(

(17)

𝒎(𝑔+1) −𝒎(𝑔) 𝑇
) (18)
𝜎(𝑔)

where 𝑐1, 𝑐𝑐 , 𝑐𝜇 , 𝑐𝜎 , 𝑑𝜎 are some empirical parameters usually determined by the dimension of
the problem (number of optimized parameters or decision variables), n.
The information from the entire population is used efficiently by rank-μ-update, and the
information of correlations between generations is exploited by using the evolution path of
rank-one-update. The covariance matrix adaptation does not explicitly control the overall scale
of the distribution, which is the step size. The covariance matrix adaption increases or decreases
the scale only in a single direction for each selected step or it decreases the scale by fading out
old information by a given, non-adaptive factor. To control the step-size, the method used in
CMA-ES can be applied independently of the covariance matrix update and is denoted as
cumulative step length adaptation.

The step-size 𝜎 (𝑔+1) is controlled by an evolution path 𝒑𝜎 named cumulative step length
adaptation:
(𝑔+1)

𝒑𝜎

(𝑔)

= (1 − 𝑐𝜎 )𝒑𝜎 + √𝑐𝜎 (2 − 𝑐𝜎 )𝜇𝑒𝑓𝑓

𝜎

(𝑔+1)

= 𝜎

(𝑔)

𝑐𝜎

(𝑔+1)

‖𝒑𝜎

𝒎(𝑔+1) −𝒎(𝑔)
𝜎(𝑔)

‖

× 𝑒𝑥𝑝 (𝑑 (𝐸‖ℵ(𝟎,𝐼)‖ − 1))
𝜎

(19)

(20)

It has been demonstrated by experiments that the covariance matrix 𝑪(𝑔) is similar to the
inverse of the Hessian matrix of the problem at the optimum point. In the procedure of CMAES, the number of offspring l is the most important parameter that must be fitted with the
ruggedness of the fitness function. From experimental tests, 𝑙 = 4 + 3 ln 𝑛 is usually adopted
(Kämpf and Robinson, 2009)

Fig. 2 The procedure of CMA-ES-ESN model development
2.3 Optimizing ESN by using CMA-ES
This paper proposes using CMA-ES to optimize the structure parameters of ESN for nonlinear
process modelling. Fig. 2 shows the flow chart of the proposed algorithm. The procedure for
optimizing ESN by using CMA-ES can be summarized as follows:

1. Data for model building are divided into three sets: training data, testing data, and
unseen validation data, and then they are normalized to have zero mean and unit
variance.
2. Establish an ESN with random R, α, and δ in the ranges based on sufficient internal
units as default. The activation function used here in the hidden layer (reservoir) is 𝑓 =
𝑡𝑎𝑛ℎ and the input weights and reservoir weights are generated randomly.
3. Train the established ESN with training data using ridge regression. The ridge
parameter is selected to suit the data set, normally through cross-validation.
4. Optimize the ESN by CMA-ES. The MSE on the training data is used as objective
function. The optimization objective is to upgrade the values of R, α, and δ to minimize
the MSE on the training data. Repeat CMA-ES to optimize ESN until convergence is
achieved.
5. Test the ESN models in the final generation on the testing data and select the one with
the lowest MSE on the testing data as the final model.
6. Evaluate the final selected model on the unseen validation data.

3. Application examples
In this section, three modelling case studies are introduced to test the performance of CMAES-ESN. The three case studies are Mackey-Glass time series prediction, modelling of a water
tank, and modelling of a benchmark industrial fed-batch fermentation process. To evaluate the
effectiveness of CMA-ES-ESN, the results are compared with those from the original ESN,
GA-ESN, long short-term memory networks, and feedforward neural networks. In the original
ESN the reservoir size, leak rate, and spectral radius factor are fixed. GA-ESN uses GA to
optimise ESN. All numerical experiments were conducted on a computer with Intel Core i57300 2.6GHz processor and 16Gb RAM under MS Windows 10.
The fitness function to minimize is the MSE of the ESN on the training data:
𝑀𝑆𝐸 =

∑𝑁
̂ 𝑖 )2
𝑖=1(𝑦𝑖 −𝑦
𝑁

(21)

where N is the number of training samples, 𝑦𝑖 and 𝑦̂𝑖 are target value and predicted value at
sample i respectively.

3.1 Modelling of Mackey-Glass time series
The Mackey-Glass time series prediction problem is a widely used benchmark problem in
nonlinear dynamic modelling. It is represented by the following equation:
𝑑𝑥(𝑡)
𝑑𝑡

=

𝑎𝑥(𝑡−𝜏)
1+𝑥(𝑡−𝜏)10

− 𝑏𝑥(𝑡)

(22)

where a=0.2, b=0.1 and τ=17. It has a chaotic attractor when τ>16.8. In this study, 3000 samples
are generated by using the 4th order Runge-Kutta method with random initialization and the
sampling time used here is 0.1s. The initial 1000 samples are used as training data, the next
1000 samples are as testing data, and the final 1000 samples are utilized as the unseen
validation data. The training data are used to fit the model, the test data are used to provide an
unbiased evaluation of model fitting and tuning model hyper-parameters, which means to select
the best fitted model among different models, and the unseen validation data are used to
evaluate the final selected model. In the training and testing samples, the first 100 samples for
both data sets are used in initializations to warm up the reservoir when the reservoir is newlybuilt. The regularization coefficient used in this training process is 1 × 10−8 .
3.2 Modelling of a conic water tank
ESN is used here to model a conic water tank shown in Fig. 3. An inlet flow and an outlet flow
are connected to the tank. The water level in the tank can be controlled by manipulating the
inlet water flow rate. The mass balance equation of the tank can be represented as follows
(Zhang, 2001):
𝑑𝑉
𝑑𝑡

= 𝑄𝑖 − 𝑄𝑜

(23)

where 𝑄𝑖 , 𝑄𝑜 and V denote the inlet and outlet water flow rates and water volume in the tank
respectively.
The outlet water stream rate, 𝑄𝑜 , is related to the tank level h by the following equation:
𝑄𝑜 = 𝑘√ℎ

(24)

where 𝑘 is a constant value representing the valve opening.
The water volume in the tank is related to the water level h expressed by the following equation:
ℎ𝑟

ℎ2

𝑉 = 𝜋ℎ [𝑟 2 + tan 𝜃 + 3(tan 𝜃)2 ]

(25)

where 𝜃 represents the angle between tank wall and horizontal plane, and r denotes the tank
bottom radius. Summarizing the above equations, the dynamic water level in the tank can be
expressed as:

𝑑ℎ
𝑑𝑡

=

𝑄𝑖 −𝑘√ℎ
2ℎ𝑟
ℎ2
2
𝜋[𝑟 +
+
]
tan 𝜃 (tan 𝜃)2

(26)

Fig. 3 A conic water tank
A simulation program is developed to simulate the water level in the tank. The parameters used
in the simulation are 𝑟 = 10𝑐𝑚, 𝑘 = 34.77𝑐𝑚2.5 /𝑠 and 𝜃 = 60° . The sampling time used in
the simulation program is 10s. Refer to Eq(26), the water level in the tank is clearly not linearly
related with inlet flow rate.
3.3 Modelling of an industrial-scale fed-batch fermentation simulation
Fed-batch fermentation is a well-known complicated bioprocess where microbial communities
are developed while promoting reproduction and metabolism. Industrial-scale antibiotics
productions are pioneered through the development of deep tank fermentation during the
scaling up of penicillin, and this development of deep tank fermentation changes the
biotechnology to a billion dollar scale industry. The model simulator used in this paper is
referred to as IndPenSim (Goldrick et al., 2015). The code in Matlab R2013b is available to
download at www.industrialpenicillinsimulation.com. The simulator was validated using the
batch data from several 100,000L fed-batch penicillin fermentation processes, and it improves
on previous fed-batch penicillin simulations as it considers the typical problem encountered on
large-scale fermentations, including challenges associated with control of the dissolved oxygen
during highly viscous fermentations and controlling key nutrients using delayed off-line
measurements. The simulation considers the growth, morphology, metabolic production and
degeneration of the biomass during a submerged P.chrysogenum fermentation, and it divides
the internal structure of the biomass or hyphae into four separate regions: actively growing
regions (A0), non-growing regions (A1), degenerated regions (A3) formed through vacuolation
and autolyzed regions (A4). The component balance of four separate regions on the fermenter
are shown below:

Growing regions (A0):
𝑑𝐴0

=

𝑑𝑡

𝑟⏟𝑏

−

𝑏𝑟𝑎𝑛𝑐ℎ𝑖𝑛𝑔

𝐹 𝐴

𝑖𝑛 0
− ⏟
𝑉

𝑟⏟
𝑑𝑖𝑓𝑓
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛

(27)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

Non-growing regions (A1):
𝑑𝐴1
𝑑𝑡

=

𝑟⏟𝑒

−

𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑜𝑛

𝑟⏟𝑏

−

𝑏𝑟𝑎𝑛𝑐ℎ𝑖𝑛𝑔

𝑟⏟
𝑑𝑖𝑓𝑓

−

𝐹 𝐴

𝑖𝑛 1
− ⏟
𝑉

𝑟⏟
𝑑𝑒𝑔
𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛

(28)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

Degeneration regions (A3):
𝑑𝐴3
𝑑𝑡

=

𝑟⏟
𝑑𝑒𝑔

−

𝐹 𝐴

𝑟⏟𝑎
𝑎𝑢𝑡𝑜𝑙𝑦𝑠𝑖𝑠

𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑖𝑛 3
− ⏟
𝑉

(29)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

Autolysed regions (A4):
𝑑𝐴4
𝑑𝑡

=

𝐹 𝐴

𝑟⏟𝑎
𝑎𝑢𝑡𝑜𝑙𝑦𝑠𝑖𝑠

𝑖𝑛 4
− ⏟
𝑉

(30)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

Total biomass (X):
𝑋 = 𝐴0 + 𝐴1 + 𝐴3 + 𝐴4

(31)

Product formation (P):
𝑑𝑃
𝑑𝑡

=

𝑟⏟𝑝

−

𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝐹 𝑃

𝑟⏟ℎ
ℎ𝑦𝑑𝑟𝑜𝑙𝑦𝑠𝑖𝑠

𝑖𝑛
− ⏟
𝑉

(32)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

Substrate consumption (s):
𝑑𝑠
𝑑𝑡

=− 𝑌
⏟𝑠/𝑋 𝑟𝑒 − 𝑌
⏟𝑠/𝑋 𝑟𝑏 −
𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑜𝑛

𝑏𝑟𝑎𝑛𝑐ℎ𝑖𝑛𝑔

𝑚𝑠 𝑟𝑚
⏟
𝑚𝑎𝑖𝑛𝑡𝑒𝑛𝑎𝑐𝑒

− 𝑌
⏟𝑠/𝑃 𝑟𝑝

𝐹𝐶

+ ⏟𝑠𝑉 𝑠 +

𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝐹𝑜𝑖𝑙 𝑐𝑜𝑖𝑙

𝑉
𝑓𝑒𝑒𝑑𝑖𝑛

−

𝐹𝑖𝑛 𝑠

⏟
𝑉

(33)

𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛

where 𝑟𝑏 , 𝑟𝑑𝑖𝑓𝑓 , 𝑟𝑒 , 𝑟𝑑𝑒𝑔 , 𝑟𝑎 , 𝑟𝑃 , 𝑟ℎ , 𝑟𝑚 are the rates of branching, differentiation, extension,
degeneration, autolysis, product formation, product hydrolysis and maintenance respectively,
𝑌𝑠/𝑋 and 𝑌𝑠/𝑝 represents substrate yield coefficients of biomass and penicillin, respectively, 𝑚𝑠
is the substrate maintenance term, and 𝐹𝑠 , 𝐹𝑜𝑖𝑙 , 𝑐𝑠 , 𝑐𝑜𝑖𝑙 represents the sugar and soybean oil feed
rate and concentrations respectively.
The process starts with a simple batch phase to grow microorganisms and improve cell quality.
Thus, the production of penicillin in a supplementary batch treatment with the goal of
increasing the rate is induced, while the cell growth is induced at a slower rate. The feed rate
of the substrate runs in an open-loop mode during the batch period. The configuration of the
bioreactor was consistent with a traditional 100,000L bioreactor.
In this process, two concentration variables are regarded as fundamental and considered as
outputs of the models. Five different variables are selected as the inputs of the models, as
illustrated in Table 1.

Table 1. The model input and output variables selected in this study
Inputs

Description

Unit

𝑭𝑷𝑨𝑨

Phenylacetic acid flow

𝐿 ℎ−1

𝑭𝒈

Aeration rate

𝑚3 𝑚𝑖𝑛−1

Pressure

Air head pressure

bar

𝑭𝒔

Sugar flow rate

𝐿 ℎ−1

𝑭𝒘

Water for injection flow rate

𝐿 ℎ−1

X

Total biomass concentration

𝑔 𝐿−1

P

Penicillin concentration

𝑔 𝐿−1

Outputs

In this study, 10 batches are generated by using the IndPenSim modular simulator under the
nominal operations for model building. Among these data, 8 batches are selected as training
data, one batch is set as testing dataset and the remaining batch is used as unseen validation
data. The batch time is 100h and the sampling time is 20 minutes. All of the batch data used in
this study are unfolded by variable-wise unfolding and normalized to [-1, 1]. The model outputs
are the predicted values of total biomass concentration and penicillin concentration.

4. Results
The following parameters are used:


ESN: Every reservoir node has the activation function tanh(𝑥) =

sinh(𝑥)

=
cosh(𝑥)

𝑒 𝑥 −𝑒 −𝑥
𝑒 𝑥 +𝑒 −𝑥

;

the input and backwards weights, 𝑾𝒊𝒏 and 𝑾𝒃𝒂𝒄𝒌 , are generated as random numbers
uniformly distributed in the range [-0.5, 0.5], and similarly the internal weights 𝑾 are
created by uniform distribution in the range [-0.5, 0.5] with different sparse density and
reservoir size. In the standard ESN, the three structural parameters, reservoir size, leak
rate and spectral radius factor, are selected randomly in the ranges [1, 1000], [0, 1] and
[0, 1.5] respectively. 50 ESNs with different random selections of these parameters were
developed and the one giving the best result on the testing data was selected.


CMA-ES-ESN: The population size, l, is selected as 7 according to 𝑙 = 4 + 3 ln 𝑛,
where n=3 is the number of decision variables. The initial search step length is set at

0.2. The stopping criterion is when the maximum number of iterations (set as 500) is
reached or if the minimal fitness value stops decreasing for a consecutive 40 iterations.


GA-ESN-RWS: The selection method used in GA is roulette wheel selection (GARWS), the maximum number of generations is 500, in each generation there are 10
individuals, crossover and mutation rates are selected as 0.6 and 0.03 respectively.



FNN: The multilayer feedforward neural network is generated by using the Neural Time
Series Toolbox from MATLAB® with Levenberg-Marquardt training algorithm. The
feedforward neural network has one hidden layer with the numbers of neurons
determined by cross validation.



LSTM: Long short-term memory network is established by Deep Learning Toolbox
from MATLAB®. The numbers of neurons are determined by cross validation and the
solver is set to ‘adam’. To prevent the gradients from exploding, the absolute gradient is
capped to 1. The initial learn rate is set as 0.005 and is reduced by 5 times after 100
epochs.

4.1 Mackey-Glass time series prediction
In the Mackey-Glass time series model, the ESN long range prediction model is of the
following form:
𝑦̂(𝑡) = 𝑓(𝑦̂(𝑡 − 1))

(34)

For the purpose of comparison, an FNN with the same input as ESN given in Eq(34) and an
LSTM model of the following structure are also developed:
𝑦̂(𝑡) = 𝑓(𝑦̂(𝑡 − 1), 𝑦̂(𝑡 − 2))

(35)

where 𝑦̂(𝑡) is the predicted value at time step 𝑡. Eq(34) and Eq(35) represent long range
prediction as the model prediction is recursively used as the model input. It was also tried to
develop an LSTM model in the form of Eq(34), but the performance is very poor.
The influence of the three ESN structure parameters considered in this study on ESN model
performance is illustrated in Fig. 4. Fig. 4(a) shows that small reservoir size cannot keep
accurate and stable performance of the model because of sparse distribution of neurons in the
reservoir. It can be seen from Fig. 4 that the influence of leak rate and spectral radius factor on
the ESN performance is more continuous and the curves are smoother. In contrast, reservoir
size causes more tremendous impact on ESN performance. Fig. 4(c) shows that there are
several local minimum and, overall, the networks with spectral radius factor values larger than

1 give better performance. Fig. 4 indicates the need of optimization of ESN structure
parameters.

(a) Reservoir size

(b) Leak Rate

(c) Spectral Radius Factor
Fig. 4 Impact of structure parameters on ESN performance, (a). reservoir size, (b). leak rate,
(c). spectral radius factor.
Fig. 5(a) shows the variation of fitness values (MSE), while Fig. 5(b) illustrates the fluctuation
of three ESN structural parameters, reservoir size, leak rate and spectral radius factor. From
Fig. 5(a), it can be seen that in first 150 iterations, although there are some oscillations in the
fitness values, the tendency of fitness drops dramatically, and stabilize after about 150
iterations. Fig. 5(b) shows the means of reservoir size, leak rate and spectral radius factor at
different iterations. It can be found that after about 150 iterations, the mean values of these
parameters are almost constant indicating convergence. The actual values, LSTM predictions,
and CMA-ES-ESN predictions on the unseen validation dataset are plotted in Fig. 6 where the
prediction errors are shown as well. Predictions from FNN are not shown due to the large
errors. It can be seen from Fig. 6 that LSTM prediction errors are much larger than those of the

CMA-ES-ESN, especially when the signals come to peak or bottom. It can be seen from Fig.
6(b) that, in the first 600 or so samples of the unseen validation data, the multi-step-ahead
predictions from CMA-ES-ESN are quite close to the actual data, but the prediction errors
increase for the later samples. This is because the memory capacity in the reservoir under the
specific structural parameters is limited and, under this situation, the memory capacity is
around 500 steps and can be measured by pseudo-Lyapunov exponent (Verstraeten et al.,
2007).

(a)

(b)
Fig. 5 The variations of parameters of CMA-ES-ESN, (a) Values of fitness; (b) mean values
of reservoir size, leak rate and spectral radius factor.

The prediction results on the unseen validation dataset and training time of different models
are shown in Table 2. GA-ESN-RWS with roulette wheel selection procedure overcomes the
randomness of the original ESN but the process is easy to get into local optimum when one
fitness is much smaller than others in one iteration. The MSE of LSTM is slightly larger than
that of standard-ESN, in contrast, the FNN error surpasses other four methods significantly.
Regarding to time consumptions, CMA-ES is a faster convergence algorithm than GA-RWS,
moreover, LSTM with back-propagation-through-time is a computationally very time
consumption method. These results show that ESN has captured the nonlinear dynamic

relationship to make better long range predictions on time series modelling tasks, also prove
that CMA-ES is a powerful optimization tool for ESN.
Table 2. Model performance on the Mackey-Glass time series
Approaches

MSE

Time(s)

GA-ESN-RWS

2.7 × 10−6

383.1

CMA-ES-ESN

3.4 × 10−7

162.8

Standard-ESN

2.5 × 10−4

0.49

LSTM

8.4 × 10−4

218.2

FNN

0.052

4.5

(a)

(b)
Fig. 6 The prediction results of CMA-ES-ESN and LSTM for Mackey-Glass Time Series
Data. (a) The actual and predicted signal. (b) The prediction errors.

4.2 Modelling of a water tank
In this case study, 2220 samples are generated from simulation. The first 740 samples are used
to train the networks, the next 740 samples are testing data and the rest 740 samples are used as
the unseen validation dataset. Noise with the distribution of 𝑁(0, 2) was added to the input flow
rate to represent the effects of measurement noise. The developed nonlinear dynamic model for
all methods is of the following form:
𝑦̂(𝑡) = 𝑓(𝑦̂(𝑡 − 1), 𝑢(𝑡 − 1))

(36)

where 𝑦̂ is the predicted tank level, u is the inlet flow rate, and t is the discrete time.
Fig. 7 shows the long-range predictions of CMA-ES-ESN and LSTM comparing with the actual
tank level on the unseen validation dataset, as well as the prediction errors and input signals.
The MSE on the validation dataset after CMA-ES optimization is 0.0289 and the MSE on the
testing dataset is 0.0157. It can be seen from Fig. 7(c) that the error increases when the input
signal, the inlet flow rate, changes suddenly for both CMA-ES-ESN and LSTM models, but the
optimized ESN predictions get close to the actual signal more rapidly than LSTM predictions.
This means optimized echo state networks have good stability and robustness on long-range
predictions when the signal changes dramatically.
Table 3 shows the MSE of long range predictions on the unseen validation data and the training
time of different methods. The MSE of CMA-ES-ESN is still the lowest among all models. The
training time of CMA-ES-ESN is much lower than that of GA-ESN-RWS, indicating that CMAES is more efficient in finding the optimal structural parameters of ESN than GA. Both standard
ESN and LSTM give much better long range prediction performance then FNN, but their
performance is worse than that from CMA-ES-ESN.
Table 3. Model performance on validation data and training time of water tank process
Approaches

MSE

Training time (s)

GA-ESN-RWS

0.0997

294.3

CMA-ES-ESN

0.0289

36.8

Standard-ESN

0.4179

4.2

LSTM

0.4195

133.9

FNN

0.8074

6.7

(a)

(b)

(c)
Fig. 7 Long range prediction performance for modelling the water tank. (a) inlet flow rate; (b)
the actual and predicted tank levels; (c) the prediction errors.
4.3 Modelling of the fed-batch penicillin fermentation process

In this study, 5 variables are used as model inputs and they are shown in Fig. 8. These variables
all belong to manipulated variables which can be manipulated externally and they are
phenylacetic acid flow (𝐹𝑃𝐴𝐴 ), aeration rate (𝐹𝑔 ), air head pressure (pressure), sugar flow rate
( 𝐹𝑠 ), and water injection flow rate ( 𝐹𝑤 ). In this model, the outputs include penicillin
concentration which is the most important product in this fermentation process and biomass
concentration.

Fig. 8 Model input variables
4.3.1 Recurrent neural network model vs feedforward neural network model
In this part, prediction performance comparison between recurrent neural networks and
feedforward neural networks on the complex fermentation process is conducted. ESN, LSTM,
and single hidden layer FNN are compared. The unoptimized ESNs used in this part are all set
as reservoir size being 400, leak rate being 0.9, sparse density being 0.1 and spectral radius
factor being 0.9. The ESN model computes two outputs with one reservoir at the same time,
which means the network has 5 inputs and 2 outputs. The developed nonlinear dynamic model
is of the following form:
(𝑦̂1 (𝑡), 𝑦̂2 (𝑡)) = 𝑓(𝑢1 (𝑡 − 1), 𝑢2 (𝑡 − 1), 𝑢3 (𝑡 − 1), 𝑢4 (𝑡 − 1), 𝑢5 (𝑡 − 1))

(37)

The FNN and LSTM models are multi-input single output models of the follow below forms:
𝑦̂1 (𝑡) = 𝑓1 (𝑢1 (𝑡 − 1), 𝑢2 (𝑡 − 1), 𝑢3 (𝑡 − 1), 𝑢4 (𝑡 − 1), 𝑢5 (𝑡 − 1))

(38)

𝑦̂2 (𝑡) = 𝑓2 (𝑢1 (𝑡 − 1), 𝑢2 (𝑡 − 1), 𝑢3 (𝑡 − 1), 𝑢4 (𝑡 − 1), 𝑢5 (𝑡 − 1))

(39)

In Eq(37) to Eq(39), 𝑢1 , 𝑢2 , 𝑢3 , 𝑢4 , 𝑢5 represent injection water flow, PAA flow rate, aeration
rate, air head pressure and suger feed rate, respectively, 𝑦̂1 and 𝑦̂2 are penicillin concentration
and biomass concentration respectively.
The long range prediction performance of penicillin and biomass concentration on the unseen
validation batch using the unoptimized ESN and LSTM are shown in Fig. 9 and 10 respectively.
Performance of FNN models are not shown in the plots due to poor long range prediction
results. The MSE values of these models in long range predictions on the unseen validation
data are given in Table 4.
Table 4. MSE of long range predictions on the unseen validation data from unoptimized ESN,
LSTM and FNN
MSE (penicillin)

MSE (biomass)

Unoptimized ESN

0.6840

0.1047

LSTM

0.7921

0.1582

FNN

267.63

4.428

It can be seen from Table 4 that the MSE of penicillin prediction by FNN is quite big, which
means that the feedforward neural network is not a good choice to model the dynamic
behaviour of penicillin concentration. As to the prediction result of biomass, the FNN
prediction result is better than that of penicillin, but the error is still much bigger than those of
ESN and LSTM. Comparing to FNN prediction results, both results of ESN and LSTM are
much more accurate, and also the prediction performance of unoptimized ESN and LSTM is
similar, the ESN performance is moderately better than the LSTM performance. Another
advantage of ESN is its training time is much less than that of LSTM. The error of penicillin
concentration is larger than biomass concentration because the penicillin generation process is
more complicated but biomass concentration is related with sugar flow rate. The unoptimized
ESN and LSTM performance is better than feedforward networks on this task, but the
optimization of ESN is still necessary.

(a) Penicillin Prediction

(b) Penicillin Predicted Error
Fig. 10 Prediction results and error of ESN and FNN for Penicillin. (a) Penicillin
concentration (b) Penicillin predicted error.
4.3.2 Optimizing ESN model with CMA-ES
The ESN models are shown to give quite accurate long range predictions of penicillin and
biomass concentrations, but their performance could be further improved if their structural
parameters are optimised. Fig. 11 shows the distribution of prediction MSE (fitness) from 500
randomly generated ESNs on the validation dataset with the range of parameters given in Table
5. It can be seen that the number of fitness which is less than 1 is around 250 and most of fitness
values gather in the range from 0 to 10. In order to dig more potential of ESN in modelling this

process, CMA-ES is used to optimize the structure of ESN. The ranges of parameters to be
optimised and CMA-ES initial step size are given in Table 5.

(a) Biomass predictions

(b) Biomass prediction errors
Fig. 11 Prediction performance of ESN and FNN for biomass, (a) Biomass concentration; (b)
Biomass prediction errors.
The ESNs optimized by CMA-ES algorithm and GA-RWS algorithm are compared with two
sparse reservoir ESNs with random structural parameters. The long range prediction
performance for penicillin concentration and biomass concentration are shown in Fig. 12 and
Fig. 13 respectively. The mean square errors of all these ESNs are given in Table 6.

Fig. 11 Distribution of ESN fitness.
Table 5. Ranges of ESN parameters and CMA-ES initial step size
Range of reservoir size

100~1000

Range of leak rate

0~1

Range of spectral radius factor

0~1.5

CMA-ES initial step size

0.2

Table 6. MSE of different ESN models on the unseen validation data
Penicillin concentration

Biomass concentration

CMA-ES-ESN

0.05548

0.005841

GA-ESN-RWS

0.1247

0.0176

Unoptimized ESN 1

0.6840

0.1047

Unoptimized ESN 2

1.5149

0.2499

(a) Penicillin prediction

(b) Penicillin prediction error
Fig. 12 Prediction performance of CMA-ES-ESN and unoptimized ESN on validation data.
(a) Penicillin concentration; (b) Penicillin prediction error.
Table 6 shows the MSE of long range predictions for penicillin and biomass concentrations on
the unseen validation data. Table 7 shows the training time of different models. From the plots
shown in Fig. 12 and Fig. 13 and the MSE values given in Table 6, comparing with unoptimized
ESNs, the CMA-ES-ESN models with sparse reservoir perform excellently in modelling the
fed-batch penicillin cultivation process. The prediction performance on biomass concentration
is even better than penicillin concentration which is 10 times better than unoptimized ESN
models. Therefore, the proposed method is a better choice for modelling the fed-batch
penicillin process. The proposed method would be also suitable for other batch processes.

(a) Biomass prediction

(b) Biomass prediction error
Fig. 13 Prediction performance of CMA-ES-ESN and unoptimized ESN on validation data.
(a) Biomass concentration; (b) Biomass prediction error.
Table 7. Training time on penicillin fermentation case study
Training time (s)
CMA-ES-ESN

1270

GA-ESN-RWS

2312

LSTM

1460

5. Conclusions
Modelling nonlinear dynamic processes using echo state networks optimised by covariance
matrix adaption evolution strategy is proposed in this paper. ESN has been shown to be a rapid,
efficient and accurate dynamic system modelling algorithm, but their performance can be
influenced by the setting of structural parameters, i.e. reservoir size, leak rate and spectral
radius factor. By using CMA-ES to optimise these structural parameters, much enhanced
modelling performance can be achieved. The effectiveness of the proposed method is
demonstrated on the modelling of a nonlinear time series, a nonlinear continuous process
(water tank), and a nonlinear fed-batch penicillin fermentation process. Comparing with the
original ESN, LSTM, GA-ESN, CMA-ES-ESN has shown the ability to improve the model
long range prediction accuracy and reliability. Moreover, CMA-ES is shown to be a faster
optimisation algorithm than GA.
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