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ABSTRACT
The effects of droplet diameter, overall (i.e. liquid and gaseous phases) equivalence ratio, and
turbulence intensity on the variation of the Minimum Ignition Energy (MIE) for localised forced
ignition of uniformly dispersed mono-sized n-heptane droplet-laden mixtures under homogeneous
isotropic decaying turbulence have been analysed based on Direct Numerical Simulation (DNS) data.
The MIE was evaluated just for (i) obtaining thermal runway irrespective of the fate of the resulting
flame kernel, and (ii) also for successful self-sustained flame propagation without the assistance of an
external energy source following the energy deposition by the ignitor. It has been found that the MIE
requirement increases with increasing turbulence intensity and this trend for the MIE increase is
especially significant for large values of turbulence intensity. The MIE requirement increases with
increasing initial droplet diameter and with decreasing overall equivalence ratio. The MIE requirements
for droplet-laden mixtures have been found to be greater than the corresponding value for homogeneous
mixture with same nominal values of initial turbulence intensity and equivalence ratio. This behaviour
arises due to the deposited energy being partially utilised to supply the latent heat of evaporation and
also due to the predominantly fuel-lean composition of the gaseous flammable mixture. This tendency
of obtaining fuel-lean mixture strengthens with increasing (decreasing) initial droplet diameter (overall
equivalence ratio). It has also been demonstrated that combustion takes place predominantly in the fuellean premixed mode although there is a finite probability of having non-premixed combustion in all
cases. Moreover, there is a small probability of fuel-rich combustion ocurring for small droplets,
especially under fuel-rich overall equivalence ratios. The stochastic nature of the ignition event has
been demonstrated by considering different realisations of statistically similar turbulent flow fields. The
conditions giving rise to a successful thermal runaway/self-sustained flame propagation have been
identified by a detailed analysis of the energy budget.

Keywords: Minimum ignition energy, turbulence intensity, droplet diameter, overall equivalence ratio,
Direct Numerical Simulations
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1. INTRODUCTION
The phenomenon by which the initiation and subsequent combustion of a flammable mixture
occurs due to externally imposed means (i.e. electrical or laser-induced spark, plasma jet or
heated surface) is known as forced ignition. Forced ignition is of fundamental interest in
turbulent reacting flows, but also due to its practical importance for industrial applications (e.g.
Direct Ignition engines, industrial gas turbines, high altitude relight etc.), and it has been
studied extensively across a wide range of configurations. Significant efforts have been
directed towards the investigation of forced ignition of droplet-laden mixtures, both
experimentally (Ballal and Lefebvre, 1978,1979, Danis et al., 1988; Singh and
Polymeropoulos, 1988; Dietrich et al., 1991; El-Rabii et al., 2005; Moesl et al., 2009;
Marchione et al., 2009; Letty et al., 2012; Kariuki and Mastorakos, 2017; de Oliveira et al.,
2019) and computationally (Wandel et al., 2009; Wandel, 2013,2014), and key findings from
the existing literature have been summarised in a review paper by Mastorakos (2017).
However, in comparison to the vast body of literature on the minimum ignition energy (MIE,
the threshold amount of energy required to ignite a flammable mixture) for turbulent gaseous
homogeneous mixtures (Ballal and Lefebvre, 1977a; Huang et al., 2007; Shy et al., 2010,2017;
Cardin et al., 2013a,b; Jiang et al., 2018; Turquand d’Auzay et al., 2019), relatively limited
effort has been directed towards the characterisation of the MIE for turbulent droplet-laden
mixtures (Ballal and Lefebvre, 1978,1979, Danis et al., 1988). The MIE in turbulent
homogeneous mixtures is principally affected by turbulence intensity and it increases with
increasing root-mean-square (rms) turbulent velocity fluctuation. A transition in the increase
of MIE with increasing turbulence intensity was found beyond a critical value of rms turbulent
velocity fluctuation, such that the MIE requirements for turbulence intensities greater than the
critical turbulence intensity are significantly higher than the MIE requirements for turbulence
intensities smaller than the critical value. This has been demonstrated based on experiments
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involving spark ignition of methane-air homogeneous mixtures with different equivalence
ratios under homogeneous isotropic forced turbulence (Huang et al., 2007; Shy et al.,
2010,2017; Jiang et al., 2018). A similar qualitative behaviour has been reported by Cardin et
al. (2013a,b) for lean methane-air mixtures under homogeneous decaying isotropic turbulence
using laser ignition. These experimental results indicated that the transition of the MIE occurs
irrespective of the ignition system (spark or laser) and mixture composition considered. A DNS
based investigation by the present authors (Turquand d’Auzay et al., 2019) successfully
captured the transition in the MIE demand with increasing turbulence intensity for
stoichiometric methane-air mixtures under homogeneous decaying isotropic turbulence and
offered physical explanations for this behaviour based on energy budgets and scaling
arguments. However, in turbulent droplet-laden mixtures, the droplet size and the overall
equivalence ratio in addition to the turbulence intensity are also expected to affect the MIE
requirements. It has been experimentally reported by Danis et al. (1988) that the MIE
requirements for n-heptane droplet-laden mixtures are dependent on droplet size and overall
equivalence ratio. It has been found that the MIE decreases with decreasing droplet diameter
and increasing equivalence ratio (Danis et al., 1988). Direct Numerical Simulations (DNS)
based investigations by Wandel et al. (2009) showed that an increase in droplet diameter has a
detrimental influence on successful forced ignition. Furthermore, Wandel (2014) demonstrated
that the micro-mixing characteristics of the gaseous mixture arising from droplet evaporation
can also play a crucial role in determining the possibilities of thermal runaway and subsequent
self-sustained combustion. Recently Stempka et al. (2018,2019) analysed spark ignition of
droplet-laden mixtures in shear flows using Large Eddy Simulations (LES), and reported that
the flow field influence on the early stages of flame kernel growth was weak for small
turbulence intensities.
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To the best of the authors' knowledge, there have been no DNS analyses, which concentrated
on the MIE variations of turbulent droplet-laden mixtures for different values of turbulence
intensity, droplet diameter and overall equivalence ratio. To address this gap in the existing
literature, the present study aims to analyse the effects of turbulence intensities, droplet
diameters and overall equivalence ratios (alternatively can be interpreted as the number density
of droplets) on the MIE of mono-disperse droplet-laden mixtures using three-dimensional DNS
of localised forced ignition for n-heptane droplets under decaying homogeneous isotropic
turbulence. It is important to note that the MIE is usually estimated in experimental analyses
as the minimum amount of energy which results in a 50% ignition probability (Danis et al.,
1988; Huang et al., 2007; Shy et al., 2010,2017; Jiang et al., 2018). However, it becomes
prohibitively expensive to follow the experimental procedure to estimate the MIE using DNS.
In this analysis, the minimum energy required to (i) obtain just a thermal runaway and to (ii)
obtain a self-sustained combustion once the ignitor has been switched off following a
successful thermal runaway, have been estimated, as done in a previous DNS analysis
(Turquand d’Auzay et al., 2019). It is worth noting that the identification of transition of the
MIE requirements with increasing turbulence intensity is not the focus of the current analysis
and this aspect has not been addressed here due to the large computational demand associated
with it. 1 In this respect, the main objectives of this paper are:
(a) to analyse the effects of droplet diameter, overall equivalence ratio and turbulence on the
MIE for obtaining (i) just a thermal runaway and (ii) a self-sustained combustion once the
ignitor has been switched off following a successful thermal runaway.
(b) to explain the observed MIE dependences of droplet diameter, overall equivalence ratio and
turbulence intensity based on physical principles.

1

Around 250 DNS cases have been used for this analysis which amounted to approximately 5.28 × 10 core
hours.
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(c) to demonstrate the stochastic aspects of the forced ignition process and explain the
observations by analysing the energy budget.

The rest of the paper will take the following form. The information related to the mathematical
background and numerical implementation will be provided in the next two sections. The
results will be presented in the subsequent section along with the relevant discussion. The final
section of this paper will consolidate the main findings of the present study and the conclusions
will be drawn.

2. MATHEMATICAL BACKGROUND
A modified single-step Arrhenius type irreversible chemical reaction is chosen for the current
analysis, to keep the computational cost of the study within reasonable limits. Threedimensional DNS with detailed chemistry would be exorbitantly expensive for the current
parametric analysis, consisting of three different turbulence intensities, droplet diameters and
overall equivalence ratios. The following single-step irreversible reaction has thus been
considered:
𝐹𝑢𝑒𝑙 + 𝑠 ∙ Oxidiser → (1 + 𝑠) Products

(1)

where 𝑠 is the mass of oxygen consumed per unit mass of fuel consumption. The chemical
mechanism was implemented following Tarrazo et al. (2006), where the activation energy, 𝐸 ,
and the heat of combustion have been taken to be functions of the gaseous equivalence ratio,
ϕ , which provides a realistic equivalence ratio dependence for the unstrained laminar burning
velocity 𝑆

in hydrocarbon-air flames. A similar methodology has been implemented by

Haruki et al. (2018) for a two-step mechanism in a DNS study of spray flames. For further
information on this thermo-chemistry, the interested readers are directed to Tarrazo et al.
(2006) and Malkeson and Chakraborty (2010). The equivalence ratio dependences of the
6

normalised laminanr burning velocity 𝑆
𝑇

/ 𝑆

and the adiabatic flame temperature

with for the present thermo-chemistry have been found to exhibit good agreements

with previous experimental data (Swaminathan and Bray, 2011) and the results obtained from
a detailed chemical mechanism (Chaos et al., 2007). To date, majority of the DNS based
analyses on droplet combustion have been conducted using simple chemical mechanisms
(Nakamura et al., 2005; Reveillon and Vervisch, 2005; Wang and Rutland, 2005; Reveillon
and Demoulin, 2007; Schroll et al., 2009; Watanabe et al., 2007; Sreedhara and Huh, 2007;
Wandel et al., 2009; Wandel, 2013,2014; Wacks et al., 2016; Haruki et al., 2018; Pillai and
Kurose, 2018, 2019). The localised ignition of n-heptane droplet-laden mixtures and the
resulting flame structure have been analysed by Neophytou et al. (2010, 2012) using detailed
chemistry DNS and the findings have been found to be in qualitative agreement with single
step chemistry results (Wandel et al., 2009; Wandel, 2013,2014; Papapostolou et al., 2019). In
this respect, it is worth noting that the same DNS code used by Neophytou et al. (2010, 2012)
is used in this analysis.

The Lewis number (𝐿𝑒 = α /𝐷 where α is the thermal diffusivity and 𝐷 is the species
diffusivity of the 𝑖

species) of all species was taken to be unity, while all species in the

gaseous phase are considered to be perfect gases. Standard values were taken for the ratio of
specific heats (γ = 𝐶 /𝐶 = 1.4, where 𝐶 and 𝐶 are the gaseous specific heats at constant
pressure and volume, respectively) and Prandtl number (𝑃𝑟 = μ𝐶 /λ = 0.7, where μ is the
dynamic viscosity and λ is the thermal conductivity of the gaseous phase). Each individual
droplet is tracked in a Lagrangian sense, whilst the compressible Navier-Stokes equations are
solved in the Eulerian frame for the carrier gaseous phase. The evolution of the droplet related
quantities such as the position, 𝑥⃗ , velocity, 𝑢⃗ , diameter 𝑎 and temperature 𝑇 are expressed
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following Lagrangian tracking used by Reveillon and Vervisch (2005). The transport equations
of the position, 𝑥⃗ , velocity, 𝑢⃗ , diameter, 𝑎 and temperature, 𝑇 , of the droplets are given by
(Reveillon and Vervisch, 2005; Wang and Rutland, 2005; Wandel et al., 2009; Neophytou et
al., 2010,2012; Wandel, 2013,2014):
𝑑 𝑥⃗
= 𝑢⃗
𝑑𝑡

(2)

𝑑 𝑢⃗
𝑢⃗(𝑥⃗ , 𝑡) − 𝑢⃗
=
𝑑𝑡
𝜏

(3)

𝑑𝑎
𝑎
= −
𝑑𝑡
𝜏

(4)

𝑇(𝑥⃗ , 𝑡) − 𝑇 − 𝐵 𝐿 /𝐶
𝑑𝑇
=
𝑑𝑡
𝜏

(5)

where 𝑇 is the instantaneous dimensional temperature of the gaseous phase, 𝐿 is the latent
heat of vaporisation, and 𝜏 , 𝜏 and 𝜏 are relaxation timescales for velocity, droplet diameter
and temperature, respectively. These timescales are defined as (Reveillon and Vervisch, 2005;
Wang and Rutland, 2005; Wandel et al., 2009; Neophytou et al., 2010,2012; Wandel,
2013,2014):
𝜌 𝑎
18𝐶

(6)

𝜌 𝑎 𝑆𝑐
4𝜇𝑆ℎ 𝑙𝑛(1 + 𝐵 )

(7)

𝜌 𝑎 𝑃𝑟𝐵 𝐶

(8)

𝜏 =

𝜏 =

𝜏 =

6𝜇𝑁𝑢 𝑙𝑛(1 + 𝐵 )𝐶

Here, 𝜌 is the droplet density, 𝑆𝑐 is the Schmidt number which is taken to be 0.7 (i.e. 𝑆𝑐 =
0.7), 𝐶 is the specific heat for the liquid phase, 𝐶 = 1 + 𝑅𝑒

/

/6 is the correction for the

drag coefficient with 𝑅𝑒 being the droplet Reynolds number, 𝐵 is the Spalding number, 𝑆ℎ
is the corrected Sherwood number and 𝑁𝑢 is the corrected Nusselt number, which are defined
8

as (Reveillon and Vervisch, 2005; Wang and Rutland, 2005; Wandel et al., 2009; Neophytou
et al., 2010,2012; Wandel, 2013,2014):
𝑅𝑒 =

𝜌|𝑢⃗(𝑥⃗ , 𝑡) − 𝑢⃗ |𝑎
μ

(9)

𝑌 − 𝑌 (𝑥⃗ , 𝑡)
1−𝑌

(10)

𝐵 =

𝑆ℎ = 𝑁𝑢 = 2 +

0.555𝑅𝑒 𝑆𝑐
(1.232 + 𝑅𝑒 𝑆𝑐 / )

(11)
/

where 𝑌 denotes the value of 𝑌 at the surface of the droplet and the partial pressure of the
fuel vapour at the droplet surface 𝑝 are expressed by (Reveillon and Vervisch, 2005; Wang
and Rutland, 2005; Wandel et al., 2009; Neophytou et al., 2010,2012; Wandel, 2013,2014):

𝑝 =𝑝
In Eq. 12, 𝑇

ex p 𝐿

1
𝑅𝑇

−

1
𝑅𝑇

;𝑌 = 1 +

𝑊 𝑝(𝑥⃗ , 𝑡)
−1
𝑊
𝑝

denotes the boiling point of the fuel at pressure 𝑝

(12)

, 𝑅 is the gas constant and

𝑇 is assumed to be 𝑇 , and 𝑊 and 𝑊 are the molecular weights of the gaseous mixture and
fuel vapour, respectively. The coupling between Lagrangian and Eulerian phases is obtained
from the additional source terms in the gaseous phase transport equations in the following
manner (Wandel et al., 2009; Neophytou et al., 2010,2012; Wandel, 2013,2014):
𝜕𝜌𝜓 𝜕𝜌𝑢 𝜓
𝜕
+
=
𝜕𝑡
𝜕𝑥
𝜕𝑥

𝛤

𝜕𝜓
𝜕𝑥

+ 𝑤̇

+ 𝑆̇ + 𝑆̇

(13)

where ψ = {1, 𝑢 , 𝑒, 𝑌 , 𝑌 } and ψ = {1, 𝑢 , 𝑇, 𝑌 , 𝑌 } for the conservation equations of mass,
momentum, specific stagnation internal energy, and fuel and oxidiser mass fraction,
respectively. For ψ = {1, 𝑢 , 𝑌 , 𝑌 }, the diffusion coeffient is given by Γ = ρν/σ , where ν
represents the kinematic viscosity with σ

being an appropriate Schmidt number

corresponding to ψ, and 𝑢 represents the velocity in the 𝑖

direction. The 𝑤̇ term arises due

to the chemical reaction rate, 𝑆̇ is an appropriate source/sink term in the gaseous phase, 𝑆̇ is
9

the appropriate source term due to two-way coupling between Lagrangian and Euleriuan
phases, which is tri-linearly interpolated from the droplets sub-grid position, 𝑥⃗ , to the eight
surrounding nodes. The source term associated with two-way coupling for any variable 𝜓 is
expressed as:
𝑆̇ = − (1⁄𝑉) ∑ 𝑑(𝑚 𝜓 )⁄𝑑𝑡

(14)

where, 𝑉 is the cell volume, 𝑚 = 𝜌 (1/6)𝜋𝑎 is the droplet mass. The energy conservation
equation for ψ = 𝑒 = ∫

𝐶 𝑑𝑇′ + 𝑢 𝑢 /2 is given as:
(15)

∂
∂
𝜌𝑒 +
𝜌𝑢 𝑒
∂𝑡
∂x
-C1

=−

∂
∂
𝑢 𝑝+
τ 𝑢 +𝜔̇
∂𝑥
∂𝑥
P1

+𝑞

+

∂
∂𝑥

λ

∂𝑇
∂
−
𝜌
∂𝑥
∂𝑥

D1

ℎ, 𝑌𝑉
D3

+ 𝑆̇

where 𝑝 is the pressure, τ is the component of the viscous stress tensor, 𝜔̇
rate, ℎ

,

,

is the sensitive enthalpy of the kth species, and 𝑉

,

is the heat release

is the diffusion velocity in the ith

direction for the kth species. The term 𝐷 is equal to zero in the cases considered here and this
arises due to the assumption that the species are considered to be perfect gases, with constant
specific heats at constant pressure and volume (𝐶 and 𝐶 ). The aforementioned assumptions
subsequently lead to 𝜌 ∑
term, (𝑞

ℎ

= 𝐴 𝑒𝑥𝑝 −𝑟 /2𝑅

,

𝑌𝑉

,

= 𝐶 (𝑇 − 𝑇 ) ∑

𝑌𝑉

,

= 0. An additional source

with 𝑟 being the distance from the ignitor centre and 𝑅

representing the characteristic width of energy deposition) is added to the energy conservation
equation to account for energy addition by the ignitor for the purpose of forced ignition. The
source term follows a Gaussian distribution in the radial direction from the ignition centre, as
used in several previous studies (Chakraborty et al., 2007; Espi and Liñán, 2001,2002; Wandel
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et al., 2009; Neophytou et al., 2010,2012; Papapostolou et al., 2019; Wandel, 2013,2014) to
model the thermal aspects of localised forced ignition. The constant 𝐴

is determined by a

volume integration which leads to the total ignition power 𝑄̇ given by:
𝑄̇ =
where 𝑎
𝑇

𝑞 𝑑𝑉 = 𝑎

𝜌 𝐶 𝜏𝑇

4
𝜋𝛿
3

(16)

ℋ(𝑡) − ℋ 𝑡 − 𝑡
𝑡

is a parameter determining the total energy deposited by the ignitor, τ =
−𝑇

/𝑇 is the heat release parameter (where 𝑇

and 𝑇 are the adiabatic

flame temperature of the stoichiometric mixture and unburned gas temperature, respectively).
The Zel’dovich flame thickness of the gaseous stoichiometric (i.e. 𝜙 = 1.0) mixture 𝛿 is
defined as 𝛿 = 𝐷 /𝑆
𝑆

, where 𝐷 is the thermal diffusivity of the unburned gas and

is the unstrained laminar burning velocity of the stoichiometric mixture. The

Heaviside functions ℋ(𝑡), and ℋ 𝑡 − 𝑡

in eq. 16 ensure that the ignitor is only active during

0 ≤ 𝑡 ≤ 𝑡 . The energy deposition duration 𝑡 , is expressed as 𝑡
𝛿 /𝑆
be 𝑏

= 𝑏 𝑡 , where 𝑡 =

is a characteristic timescale and the energy deposition parameter 𝑏

is taken to

= 0.2 in the present study, which falls within its optimal range as outlined by Ballal and

Lefebvre (1977b). In the present study, the energy deposition duration 𝑡
energy deposition 𝑅

are kept unaltered (i.e. 𝑡

= 0.2𝑡 and 𝑅

and the width of

= 2.45𝛿 ), whilst 𝑎

is

modified until the MIE is found for both successful thermal runaway irrespective of the fate of
the resulting flame kernel, and self-sustained flame propagation following thermal runaway. It
is vital to distinguish between the two, as a successful thermal runaway does not ensure
subsequent self-sustained flame propagation (Turquand d’Auzay et al., 2019). The thermal
runaway takes place due to the increase of temperature as a result of external energy addition
and a misfire occurs in the absence of a thermal runaway. A successful self-sustained
propagation is obtained when the flame kernel burns without the aid of the ignitor after a
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successful ignition event. The outcome in terms of self-sustained flame propagation is assessed
by evaluating the temporal evolution of the burned gas volume, and if its temporal derivative
is positive and the maximum temperature has settled to the adiabatic flame temperature of the
stoichiometric mixture at 𝑡 = 10𝑡 , a successful self-sustained propagation is assumed to have
been obtained.

It is important to note that the methodology used in this analysis to identify the MIE is different
from the experimental methodology (Huang et al., 2007; Shy et al., 2010,2017; Cardin et al.,
2013a,b; de Oliveira et al., 2019). A success rate of 50% across numerous turbulent realisations
(at least 30 as reported by Shy et al., 2010) is required to ascertain the MIE value for a certain
case in experimental investigations, which is unfeasible to adopt for a DNS based analysis due
to the high computational cost associated with it. Therefore the MIE input is evaluated for a
given turbulence realisation and a few additional simulations have been used for this energy
input under different realisations of statistically identical conditions (i.e. 𝑢 /𝑆

(

)

and 𝑙 ) of

the initial turbulent flow field to analyse the stochastic aspects of thermal runaway and selfsustained flame propagation following thermal runaway.

3. NUMERICAL IMPLEMENTATION
The simulations have been carried out using a well-known three-dimensional compressible
DNS code SENGA+ (Wandel et al., 2009; Neophytou et al., 2010,2012; Wandel, 2013,2014)
in a domain of size 51δ × 51δ × 51δ or 9.6𝑙 × 9.6𝑙 × 9.6𝑙 , where 𝑙 is the longitudinal
integral length scale. The centre of the ignitor is taken to be at the geometrical centre of the
domain. The simulation domain is discretised by a Cartesian grid of 264 × 264 × 264 cells of
uniform grid size Δ𝑥, which ensures 10 grid points across the thermal flame thickness of the
stoichiometric mixture δ = 𝑇

− 𝑇 /𝑚𝑎𝑥
12

∇𝑇

. It also ensures η > Δ𝑥, where

η is the Kolmogorov length scale. All the boundaries of the domain are taken to be partially
non-reflecting. A 10th order central difference scheme is used for the internal grid points, but
the order of accuracy drops gradually to a one-sided 2nd order scheme at the non-periodic
boundaries. A third-order explicit Runge-Kutta scheme is used for explicit time advancement.
The flame-turbulence interaction takes place under decaying isotropic homogeneous
turbulence. A well-known pseudo-spectral method (Rogallo, 1981) is used to initialise the
turbulent velocity fluctuation by an incompressible, homogeneous isotropic field with
prescribed values of root-mean-square (rms) velocity 𝑢 and integral length scale 𝑙 . Monosized n-heptane droplets are taken to be uniformly dispersed in air and the overall equivalence
ratio ϕ

is determined by the number of droplets initially present in the domain. Three

different droplet diameters 𝑎 have been investigated (𝑎 /δ = 0.03,0.04,0.05), across three
different global equivalence ratios (ϕ

= 0.8,1.0,1.2). For ease of reference and brevity, each

case will be referred to in the following manner: U00, U04, U08 refer to 𝑢 /𝑆

=

0,4.0,8.0 respectively; D03, D04, D05 refer to initial normalised droplet sizes 𝑎 /δ =
0.03,0.04,0.05 respectively, and F08, F10, F12 refer to ϕ

= 0.8,1.0,1.2 respectively. The

simulation parameters along with the characteristic radius of the ignitor and energy deposition
time are summarised in Table 1.

Table 1: Summary of initial values of simulation parameters along with the characteristic
radius of the ignitor and energy deposition time used in this analysis.
𝒖 /𝑺𝑳

𝛟𝒈 𝟏

0.0 (U00)
4.0 (U04)
8.0 (U08)

𝑙 /δ
5.31
5.31

𝒂𝒅 /𝛅𝒔𝒕

𝝓𝒐𝒗

0.03 (D03)
0.04 (D04)
0.05 (D05)

0.8 (F08)
1.0 (F10)
1.2 (F12)
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Energy
deposition
characteristics
𝑡 = 0.2𝑡
𝑅 = 2.45𝛿

The initial values of turbulent Reynolds number 𝑅𝑒 = 𝜌 𝑢 𝐿

/𝜇 (where 𝜌 and 𝜇 are

unburned gas density and viscosity, respectively) for initial values of 𝑢′/𝑆
8.0

= 4.0 and

are 71.0 and 142, respectively. The temporal evolutions of rms turbulent velocity

fluctuation 𝑢′ and integral length scale 𝐿

=𝑘

.

/𝜀 (where 𝑘 and 𝜀 are the turbulent kinetic

energy and its dissipation rate evaluated over the whole domain) and turbulent Reynolds
number 𝑅𝑒 = 𝜌 𝑢 𝐿

/𝜇 normalised by their initial values for initial values of

= 4.0 and 8.0 for 𝜙

𝑢′/𝑆

= 1.0 are shown in the Appendix for different values of

𝑎 /𝛿 along with the corresponding temporal decays of purely gaseous turbulence without the
chemical reaction. The trends are the same for other values of 𝜙

and thus are not shown in

the Appendix.

The normalised initial droplet number densities ρ
(ρ )

/

for these cases are given by 1.25 ≤

δ ≤ 2.39 in the unburned gas and the percentage of liquid volume ranges from

0.009% to 0.013% for the change of 𝜙

from 0.8 to 1.2. The corresponding mass loading can

be obtained from the overall equivalence ratio, as the fuel is supplied in the form of liquid
droplets. All three droplet diameters and global equivalence ratios have been investigated for
different initial turbulence intensities (𝑢 /𝑆

= 4.0 and 8.0). For all turbulent cases, the

initial value of the ratio of integral length scale to Zel’dovich flame thickness is taken to be
𝑙 /δ = 5.31, which ensures about 10 large scale eddies on each side of the domain. In
addition to turbulent cases, simulations have been conducted for laminar quiescent condition
(i.e. 𝑢 /𝑆

= 0.0) for each of the values of 𝑎 and 𝜙 . The unburned gas temperature

and initial droplet temperature 𝑇 are taken to be 300K, which yields a heat release parameter
of 𝜏 = 𝑇

−𝑇

𝑇 = 6.54 and combustion in all cases takes place under

atmospheric pressure. Care has been taken to ensure that the droplet diameter remains smaller
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than the Kolmogorov length scale for all cases investigated, and the ratio of initial droplet
diameter to the Kolmogorov length scales is 𝑎 /𝜂 = 0.22,0.29,0.36 for 𝑎 /𝛿 =
0.03,0.04,0.05, respectively, for the highest initial turbulence intensity, investigated. The ratios
𝑎 /𝜂 and 𝑎 /Δ𝑥 in this analysis remain comparable to several previous analyses by other
authors (Fujita et al., 2013; Neophytou et al., 2010, 2012; Reveillon and Vervisch, 2000;
Sreedhara and Huh, 2003; Wang and Rutland, 2005; Wandel et al., 2009; Wandel, 2013,2014).
The Stokes number, defined as 𝑆𝑡 = 𝜏 √𝑘 𝑙 = 𝜌 𝑎 √𝑘 (18𝐶 𝜇𝑙 ) (where 𝜏 =
𝜌 𝑎 ⁄18𝐶 𝜇 is the particle time scale and 𝑙 /√𝑘 is the turbulent time scale with 𝑘 being the
turbulent kinetic energy evaluated over the whole volume), remains smaller than 0.56 for the
largest droplet for the highest turbulence intensity case. An alternative Stokes number 𝑆𝑡 =
⁄𝛿 = 𝜌 𝑎 𝑆

𝜏 𝑆
𝑆

⁄(18𝐶 𝜇𝛿 ) based on the chemical time scale 𝑡 = 𝛿 /

remains smaller than 0.32 for the largest droplets considered in this analysis. The

mean normalised inter-droplet distance 𝑠 ⁄𝜂 varies between 2.0 and 6.43 for the turbulent
cases considered here. Due to the high volatility of n-heptane, the size of droplets decreases
significantly (≥ 50%) by the time they reach the reaction zone. Thus, the droplets, which
interact with the flame, are much smaller in reality than the initial size of the droplets. Thus,
the assumption of sub-grid evaporation is not expected to significantly affect the ignition
phenomenon and subsequent flame-droplet interaction in this analysis.

Chiu

and

0.276𝑅𝑒

⁄

𝑆𝑐

Liu
⁄

)𝐿𝑒𝑁

(1977)
⁄

employed

a

group

number,

G = 3(1 +

(𝑎 ⁄𝑠 ) (where 𝑁 is the number of droplets in a specified volume

and 𝑠 is the mean inter-droplet distance) in order to distinguish between individually burning
droplets (𝐺 ≪ 1.0) and external sheath combustion (𝐺 ≫ 1.0). It has been demonstrated in
Reveillon and Vervisch (2000) that droplet-laden combustion can be simulated using DNS for
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external group/sheath combustion using the point-source assumption. For the cases considered
here 𝑁 ranges from 3× 10 to 22× 10 depending on the value of 𝜙

and 𝑎 /𝛿 . The

separation 𝑆 = 𝑠 /𝑎 ranges from 13.0 to 15.0 depending on the value of 𝜙

and 𝑎 /𝛿 .

From the formula provided by Chiu and Liu (1977) the group number 𝐺 ranges from 204.0 to
900.0 and thus all droplet cases considered here come under the category of external sheath
combustion (i.e. have values of 𝐺 much greater than unity).

The simulations used to evaluate whether successful propagation has been continued till at least
𝑡 = 10𝑡 , which amounts to be 2.0𝑡 which is greater than 2.0𝑙 /√𝑘 and 4.0𝑙 /√𝑘 for the
initial 𝑢 /𝑆

= 4.0 and 𝑢 /𝑆

= 8.0 cases, respectively. By that time, 𝑢 had

decayed by 30% and 40% in comparison to its value at 𝑡 = 0 for the initial 𝑢 /𝑆
and 𝑢 /𝑆

= 4.0

= 8.0 cases (see Appendix). This simulation time remains comparable to

several previous DNS analyses on localised forced ignition of droplet-laden mixtures
(Neophytou et al., 2010, 2012; Wandel et al., 2009; Wandel, 2013,2014).

4. RESULTS AND DISCUSSION
For each case considered in this analysis, the deposited energy by the ignitor corresponds to its
respective normalised MIE, Γ

/

where the quantity Γ is defined as Γ = 𝐼𝐸/𝑀𝐼𝐸

𝐼𝐸 being the energy deposited by the ignitor and 𝑀𝐼𝐸

.

.

, with

is the MIE for self-sustained flame

propagation of a quiescent laminar n-heptane premixed stoichiometric mixture. In the present
analysis, the MIE for self-sustained flame propagation following a thermal runaway for a
laminar

n-heptane

premixed

stoichiometric

mixture

is

given

by

𝑀𝐼𝐸

.

=

4.8 ρ 𝐶 τ𝑇 (4⁄3 πδ ) . This confirms that the MIE for a laminar quiescent premixed mixture
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scales with the energy required to increase a spherical volume of unburned mixture with a
radius (~1.66δ ) of the order of the laminar flame thickness δ , which is consistent with
pioneering analysis by Spalding (1979). The superscripts i and p are used to refer to the
minimum ignition energy required just to lead to thermal runaway, and self-sustained flame
propagation following thermal runaway, respectively. It is worth noting that the term thermal
runaway in this paper is indicative of the kernel generation phase indicated by Mastorakos
(2017), whilst the term self-sustained flame propagation in this study is equivalent to the flame
growth phase (Mastorakos, 2017) .

The three-dimensional views of the non-dimensional temperature 𝑇 = 𝑇 − 𝑇 /
𝑇

−𝑇

= 0.7 isosurfaces at the time instances 𝑡 = 2.0𝑡 , 5.0𝑡

the cases with initial 𝑢 /𝑆

and 8. 0𝑡

for

= 4.0 and with initial 𝑎 /δ = 0.04, are shown in Fig. 1.

For the cases shown in Fig. 1, the flame kernels remain almost spherical at 𝑡 = 2.0𝑡

because

the evolution of the hot gas region is primarily driven by the thermal diffusion of the energy
deposited by the ignitor and the heat release rate within the flame kernel at that stage. However,
droplets induce dimples on the 𝑇 = 0.7 isosurfaces, which are consistent with previous
experimental (Hayashi et al., 1977; Lawes and Saat, 2011; d’Oliviera et al., 2019) and
computational (Ozel-Erol et al., 2018, 2019; Papapostolou et al., 2019) findings. However,
these effects were more magnified in Lawes and Saat (2011) and Hayashi et al., (1977) due to
the presence of thermo-diffusive and hydro-dynamic instabilities. The aforementioned effects
are not present in this analysis because of the small separation between the integral length scale
and flame thickness and also due to the unity Lewis number assumption.

17

Figure 1: Instantaneous views of 𝑇 = 0.7 isosurface coloured by local values of normalised
fuel reaction rate magnitude |𝜔̇ | × 𝛿 /𝜌 𝑆 (
and 8.0𝑡 (from
) at 𝑡 = 2. 0𝑡 , 5. 0𝑡
left to right) for cases U04D04F08, U04D04F10, U04D04F12 (from top to bottom) for the
respective MIE for self-sustained flame propagation (i.e. Γ = Γ ) for each case. The inset
shows the magnified surface of the kernel, without thedroplets present.
The mixture inhomogeneity in the gaseous phase arising from droplet evaporation gives rise to
the variations of fuel reaction rate magnitude on the isosurfaces of 𝑇 = 0.7 in Fig. 1. For all
the turbulent cases investigated in the present study, the kernel becomes increasingly wrinkled
and deformed as time advances, as illustrated by Fig. 1, in conjunction with the aforementioned
dimples induced by flame-droplet interaction. However, the effects of turbulence dominate
over the droplet-induced wrinkling as reported in previous studies (Hayashi et al., 1977; Lawes
and Saat, 2011; Ozel-Erol et al., 2018, 2019; Papapostolou et al., 2019). As initial 𝜙
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increases

so too does the number of droplets present within the domain, which has a significant impact
on Γ

. The amount of combustible mixture present in the domain increases with an increase

of 𝜙 , which makes self-sustained propagation easier. This is reflected by the increasing
volume of the flame kernels with increasing ϕ

(top to bottom) at 𝑡 = 5. 0𝑡

and 8. 0𝑡

where the only difference is the value of ϕ .

The effects of initial droplet size and turbulence intensity on the hot gas kernel evolution for
the MIE for self-sustained flame propagation are illustrated in Fig. 2 where the isosurfaces of
𝑇 = 0.7 at 𝑡 = 2. 0𝑡 , 5.0𝑡

and 8.0𝑡

for all the cases with initial ϕ

= 1.0 are

exemplarily shown superimposed on each other, along with the volume of the energy
deposition by the ignitor. It can be seen from Fig. 2 that the hot gas kernels in the laminar
quiescent case (top row) maintain their approximate spherical shape as a result of the molecular
diffusion of the deposited energy in the absence of turbulent fluid motion. However, the
isosurfaces are not perfectly spherical as would be the case for a successful self-sustained flame
propagation for a premixed homogeneous mixture under a laminar condition. The behaviour
observed in the present study arises from the presence of mixture inhomogeneity in the gaseous
phase arising from droplet evaporation, and this behaviour was reported previously by OzelErol et al. (2018,2019). Under turbulent conditions, the flame kernels deform considerably due
to flame-turbulence interaction and no longer retain their spherical shape. Moreover, for large
values of 𝑢 /𝑆

, the centre of the mass of the hot gas kernel may move away from the

ignitor centre, which suggests that fluid turbulence away from the ignitor volume plays a
significant role in determining the possibility of self-sustained flame propagation. Of particular
interest, is the differences in volumes of the hot gas kernels with the variations of 𝑢 /𝑆
and 𝑎 /𝛿 . It can be seen from Fig. 2 that the size of the hot gas kernels at 𝑡 = 2.0𝑡

in the

case of the MIE input for self-sustained flame propagation increases with increasing turbulence
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intensity 𝑢 /𝑆

(top to bottom). A larger volume of the hot gas kernel at this early stage

after thermal runaway (e.g. 𝑡 = 2.0𝑡 ) is a reflection of the greater amount of energy input in
order to obtain a successful thermal runaway and subsequent self-sustained propagation at
higher turbulence intensities. At later times (e.g. 𝑡 = 5. 0𝑡

and 8. 0𝑡 ) the volume of the

kernels is indicative of their burning rate, and an increase of droplet diameter (left to right)
leads to a decrease of the volume of the hot gas kernel, indicating that as initial droplet diameter
increases, so too does the energy required to obtain a successful thermal runaway and
subsequent self-sustained propagation.

The non-dimensional temperature isosurfaces presented in Figs. 1 and 2 indicate that the energy
contents of these hot kernels are different, which suggests that the values of Γ

/

are expected

be affected by turbulence intensity, droplet diameter and overall equivalence ratio. This can be
substantiated from Fig. 3 where the effects of 𝑢 /𝑆

on Γ

and Γ

are shown for all cases considered here. It can be seen from Fig. 3 that both Γ

and Γ

increase with increasing turbulence intensity 𝑢 /𝑆

, 𝑎 /δ and ϕ

for a given set of values of 𝑎 /δ

and ϕ , which is consistent with previous experimental findings (Ballal and Lefebvre,
1978,1979, Danis et al., 1988) for droplet-laden mixtures. A qualitatively similar trend was
previously observed for the MIE variation of gaseous homogeneous mixtures in the past (Ballal
and Lefebvre, 1977a; Huang et al., 2007; Shy et al., 2010,2017; Cardin et al., 2013a,b; Patel et
al., 2014, 2016; Jiang et al., 2018; Turquand d’Auzay et al., 2019). Figure 3 further shows that
Γ

slowly increases with increasing turbulence intensity for moderate values of 𝑢 /𝑆

but a more rapid increase in Γ
𝑢 /𝑆

is observed for large values of 𝑢 /𝑆

= 8.0 cases). For example, the increase in Γ

8.0 cases is much higher than the increase of Γ
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between 𝑢 /𝑆

between 𝑢 /𝑆

(e.g. initial
= 4.0 and

= 0.0 and 4.0. This is

indicative of the transition of Γ

increases with increasing 𝑢 /𝑆

, which was reported

earlier for the MIE behaviour for turbulent gaseous homogeneous mixtures (Huang et al., 2007;
Shy et al., 2010,2017; Cardin et al., 2013a,b; Jiang et al., 2018; Turquand d’Auzay et al., 2019).
The heat release rate within the hot gas kernel needs to overcome the rate of heat transfer from
the hot gas kernel to the surrounding cold gas in order to obtain a successful self-sustained
flame propagation. An increase in 𝑢′ for a given value of 𝑙 increases the turbulent diffusivity
𝐷 ~𝑢 𝑙 which acts to increase the heat transfer rate from the hot gas kernel and therefore the
demand for the MIE increases with increasing turbulence intensity 𝑢 /𝑆

. The

turbulence-induced flame wrinkling acts to generate an increase of the flame surface area,
which acts to increase the burning rate. However, the increase in 𝐷 with an increase in
𝑢 /𝑆

takes place more rapidly than the increase in flame surface due to flame wrinkling

and therefore MIE demand increases with increasing 𝑢 /𝑆
in Γ

and eventually a transition

requirement can be observed above a threshold value of turbulence intensity (Turquand

d’Auzay et al., 2019). Identification of the transition of Γ

with increasing 𝑢 /𝑆

the focus of the current analysis but the considerably increase in Γ

is not

between initial

𝑢 /𝑆

= 4.0 and 8.0 cases in comparison to that between laminar quiescent and initial

𝑢 /𝑆

= 4.0 cases is indicative of the transition of MIE for forced ignition of droplet-

laden mixtures.
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Figure 2: Isosurfaces of 𝑇 = 0.7 at 𝑡 = 2.0𝑡 (blue) , 5.0𝑡 (green) and 8.0𝑡 (magenta),
with the energy deposition region indicated by the red sphere, obtained for Γ = Γ
for
ϕ = 1.0 cases with laminar, initial 𝑢 /𝑆
= 4.0 and initial 𝑢 /𝑆
= 8.0
(from top to bottom) for initial 𝑎 /δ = 0.03, 0.04 and 0.05 (from left to right). The
vertical black line indicates the centre of the domain.
Figure 3 reveals that in addition to turbulence intensity, both droplet diameter and overall
equivalence ratio affect both Γ

and Γ

. It can be seen from Fig. 3 that both Γ

decrease with increasing 𝜙 . An increase in 𝜙

and Γ

increases the number density of droplets and

thus the availability of fuel vapour in the gaseous phase increases with an increase in overall
equivalence ratio. This leads to a decrease in Γ

and Γ

with increasing 𝜙

irrespective of

the values of turbulence intensity and droplet diameter, but this can most clearly be seen for
the quiescent laminar cases with initial 𝑎 ⁄𝛿 = 0.03. Figure 3 also indicates that droplet
diameter has a strong influence on the variation of Γ

and Γ

and these values increase

with increasing 𝑎 /𝛿 . The evaporation rate decreases with increasing droplet size and thus
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large droplets do not readily release enough fuel vapour to ensure thermal runaway, and to
support self-sustained flame propagation without a sufficiently large external energy input.
These 𝜙

and 𝑎 /𝛿 dependences of Γ

and Γ

are consistent with previous experimental

findings of Danis et al. (1988). The computational analysis by Wandel et al. (2009) also
revealed that it is relatively more difficult to ignite large droplets.

Figure 3: Normalised MIE variations only for successful thermal runaway Γ
(left), and
for successful self-sustained propagation, Γ
(right) for different initial values of
𝑢 /𝑆
, 𝑎 /𝛿 and 𝜙 .
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Figure 4: Temporal evolution of maximum non-dimensional temperature, 𝑇
minimum ignition energy inputs for self-sustained flame propagation (i.e. Γ = Γ
case of different turbulence intensities for initial 𝑎 /δ = 0.05 and 𝜙 = 1.2.
It can be seen from Fig. 3 that Γ

values are consistently higher than Γ

for the
) in the

. This is also

consistent with previous findings for localised forced ignition of homogeneous mixtures
(Turquand d’Auzay et al., 2019). This suggests that the energy input which is sufficient for
thermal runaway may not be sufficient for ensuring self-sustained combustion without any
external energy addition once the ignitor is switched off. It can be seen from Figs. 1 and 2 that
the hot gas kernel created by external energy addition gets significantly deformed for large
values of 𝑢 /𝑆

, and the hot gas kernel might get convected from the centre of the ignitor

for large values of 𝑢 /𝑆

. This suggests that the turbulent flow conditions not only at the

ignitor location but also in the vicinity determine the chance of obtaining successful self-
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sustained combustion, once the ignitor is switched off. This necessitates that more energy input
is needed for successful self-sustained flame propagation than for just obtaining a thermal
runaway, as the flame may quench following a thermal runaway if the rate of heat transfer
supersedes the heat release rate when the ignitor is switched off. In order to obtain further
insights into the increase in Γ

with increasing initial 𝑢 /𝑆

of the maximum non-dimensional temperature 𝑇

for different turbulence intensities are

exemplarily shown in Fig. 4 for initial 𝑎 /δ = 0.05 and 𝜙
4 that 𝑇

, the temporal evolutions

= 1.2. It can be seen from Fig.

increases with time during the energy deposition duration (i.e. 𝑡 ≤ 𝑡 ). Figure 4

further shows that for the normalised MIE for successful self-sustained flame propagation (i.e.
Γ=Γ

), the maximum non-dimensional temperature 𝑇

at the end of the energy

deposition period, remains too small to give rise to thermal runaway for laminar conditions and
small/moderate turbulence intensities (i.e. 𝑢 /𝑆
in these cases occurs at around 𝑡 = 1.5𝑡

= 4.0) and the maximum value of 𝑇

as a result of autoignition of the evaporated fuel

vapour. By contrast, for high turbulence intensities (e.g. 𝑢 /𝑆

= 8.0), the thermal

runaway takes place during the energy deposition duration, and the maximum temperature
𝑇

attains a value much larger than the adiabatic flame temperature of the stoichiometric

mixture (i.e. 𝑇

> 1.0) for the MIE for ensuring successful self-sustained flame propagation.

This high value of 𝑇

resulting from thermal runaway decreases with time and eventually

settles to a value close to the adiabatic flame temperature of the stoichiometric mixture (i.e.
𝑇

= 1.0) long after the energy deposition duration (i.e. 𝑡 >> 𝑡 ) if the long mode of

ignition failure described by Mastorakos (2017) does not happen. These qualitative differences
in the temporal evolution of 𝑇
intensity (e.g. 𝑢 /𝑆

(

)

clearly indicate that the MIE value for high turbulence

= 8.0) is expected to be significantly greater than those for laminar

and moderate turbulence intensities (e.g. 𝑢 /𝑆
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(

)

= 4.0). The energy requirements to

obtain a successful propagation for the highly turbulent cases (e.g. 𝑢 /𝑆

(

)

= 8.0) are

significantly higher than in case of small turbulence intensities because one needs more energy
to raise the temperature such that enough droplets are evaporated to produce a flammable
mixture, and produce a critical burned gas volume with 𝑇

≥ 1.0 within 𝑡 . The observed

differences in the nature of thermal runaway for the MIE input in response to the changes in
𝑢 /𝑆

(

)

is qualitatively similar to the previous findings by Turquand d’Auzay et al. (2019)

for turbulent gaseous homogeneous mixtures.

(a)

(b)

(c)

Figure 5: Temporal evolution of the volume of the burned gas region with 𝑐 ≥ 0.9 (i.e.
𝑉 . ) normalised by the spark volume (i.e. 𝑉 = (4𝜋⁄3)𝑅 ) in the case of MIE input for
successful self-sustained flame propagation (i.e. Γ = Γ ): (a/left) for different initial
droplet diameters for initial 𝑢 /𝑆 (
= 0.8, (b/centre) for cases with
) = 4.0 and 𝜙
initial 𝑢 /𝑆 (
) = 4.0 and 𝑎 /𝛿 = 0.05, (c/right) for cases with initial 𝑎 /𝛿 = 0.05
and 𝜙 = 0.8.
It is worth noting that the initial values of 𝑎 ⁄𝛿 and 𝜙
on the temporal evolution of 𝑇
𝑎 ⁄𝛿

and 𝜙

do not have significant influences

and thus are not shown here. However, the influences of

on the MIE can be illustrated by examining the temporal evolutions of the

volume of the burned gases. In order to characterise the burned gas volume, it is useful to
quantify the extent of completion of combustion from the unburned gas to the fully burned gas
in terms of reaction progress variable 𝑐, which increases monotonically from 0 in the unburned
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gas to 1.0 in the fully burned gas. The reaction progress variable 𝑐 in this analysis is defined
here in terms of oxidiser mass fraction in the following manner (Wandel et al., 2009;
Neophytou et al., 2010,2012; Wandel, 2013,2014; Ozel-Erol et al., 2018,2019):
𝑐=

[(1 − 𝜉)𝑌 − 𝑌 ]
[(1 − 𝜉)𝑌 − max(0, {𝜉 − 𝜉}⁄𝜉 ) 𝑌

where 𝜉 = 𝑌 − 𝑌 ⁄𝑠 + 𝑌 ⁄𝑠
𝑌

(𝑌

(16)
]

+ 𝑌 ⁄𝑠) is the mixture fraction (Bilger, 1988),

= 0.233 is the oxygen mass fraction in air, and 𝑌

= 1.0 is the fuel mass fraction in

the pure gaseous fuel stream. For n-heptane (𝐶 𝐻 ) combustion, 𝑠 = 3.52 leads to a
stoichiometric mixture fraction value of 𝜉

= 𝑌 ⁄(𝑠𝑌

+ 𝑌 ) = 0.0621. The temporal

evolutions of the volume of the burned gas region with 𝑐 ≥ 0.9 (i.e. 𝑉
spark volume (i.e. 𝑉
𝑢 /𝑆

(

)

.

) normalised by the

= (4𝜋⁄3)𝑅 ) for different initial droplet diameters for initial

= 4.0 and 𝜙

= 0.8 (e.g. U04D03F08, U04D04F08 and U04D05F08) are

exemplarily shown in Fig. 5a for their corresponding MIE inputs for self-sustained flame
propagation. It can be seen from Fig. 5a that 𝑉

.

/𝑉

shows a decreasing trend with

increasing 𝑎 /𝛿 . This suggests that the critical volume of the burned gas for self-sustained
combustion (i.e. 𝑉

≈ (4𝜋⁄3)(2.45𝛿 ) ≈ 4𝜋𝑅 ⁄3 = 𝑉 according to Turns (2000)) is

more readily obtained for smaller values of droplet diameter, which is indicative of a decreasing
trend in Γ

with decreasing droplet diameter. In order to illustrate the influences of 𝜙

the burnt gas volume, the temporal evolutions of 𝑉

.

/𝑉 for cases with initial 𝑢 /𝑆

(

on
)

=

4.0 and 𝑎 /𝛿 = 0.05 (e.g. U04D05F08, U04D05F10, and U04D05F12) are exemplarily
shown in Fig. 5b for their corresponding MIE inputs for self-sustained flame propagation.
Figure 5b shows that 𝑉
𝑢 /𝑆

(

)

.

/𝑉

increases with increasing 𝜙

for a given set of values of

and 𝑎 /𝛿 , which suggests that the critical volume of the burned gas for self-

sustained combustion is more readily obtained for higher values of 𝜙 , suggesting a
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decreasing trend in Γ
evolutions of 𝑉

.

with increasing overall equivalence ratio. Finally, the temporal

/𝑉 for cases with initial 𝑎 /𝛿 = 0.05 and 𝜙

= 0.8 (e.g. U00D05F08,

U04D05F08, and U08D05F08) are exemplarily shown in Fig. 5c to illustrate the effects of
𝑢 /𝑆

(

)

𝑢 /𝑆

(

)

on Γ

, which reveals an increasing trend of 𝑉

.

/𝑉

, indicating a decrease in energy requirement for obtaining the critical burned gas

volume for self-sustained combustion, which leads to a decrese in Γ
𝑢 /𝑆

(

with decreasing

with decreasing

).

Table 2: The MIE values of the droplet-laden mixtures normalised by the corresponding MIE
values for homogeneous mixtures for the identical values of 𝑢 /𝑆
and 𝜙 .
Case

𝒖 /𝑺𝑳

𝛟𝒈 𝟏

𝒂𝒅 /𝜹

𝝓𝒐𝒗

𝒊
𝚪𝑴𝑰𝑬

𝒊
𝚪𝑴𝑰𝑬

𝒑

𝑷

𝚪𝑴𝑰𝑬

𝒑

𝚪𝑴𝑰𝑬

U00D03F08

Laminar

0.03

0.8

1.62

U00D03F10

Laminar

0.03

1.0

1.67

1.67

U00D03F12

Laminar

0.03

1.2

1.68

1.68

U00D04F08

Laminar

0.04

0.8

1.72

1.72

U00D04F10

Laminar

0.04

1.0

1.79

1.79

U00D04F12

Laminar

0.04

1.2

1.81

1.81

U00D05F08

Laminar

0.05

0.8

1.72

1.72

U00D05F10

Laminar

0.05

1.0

1.79

1.79

U00D05F12

Laminar

0.05

1.2

1.81

1.81

U04D03F08

4.0

0.03

0.8

1.63

1.65

U04D03F10

4.0

0.03

1.0

1.64

1.64

U04D03F12

4.0

0.03

1.2

1.65

1.65

U04D04F08

4.0

0.04

0.8

1.69

1.73

U04D04F10

4.0

0.04

1.0

1.76

1.76

U04D04F12

4.0

0.04

1.2

1.78

1.78

U04D05F08

4.0

0.05

0.8

1.69

1.69

U04D05F10

4.0

0.05

1.0

1.76

1.76

U04D05F12

4.0

0.05

1.2

1.80

1.80

U08D03F08

8.0

0.03

0.8

1.61

2.00

U08D03F10

8.0

0.03

1.0

1.65

1.81

U08D03F12

8.0

0.03

1.2

1.67

1.82

U08D04F08

8.0

0.04

0.8

1.67

2.26

U08D04F10

8.0

0.04

1.0

1.73

2.12

U08D04F12

8.0

0.04

1.2

1.75

2.12

U08D05F08

8.0

0.05

0.8

1.67

2.56

U08D05F10

8.0

0.05

1.0

1.73

2.50

U08D05F12

8.0

0.05

1.2

1.76

2.31
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1.62

𝑷

In Figs. 5a-c, an increasing trend of 𝑉

.

after the energy deposition period (i.e. 𝑡 ≥ 𝑡 )

/𝑉

is indicative of self-sustained flame propagation. It is worth noting that for Γ < Γ
normalised burned gas volume 𝑉

.

would either remain zero in the case of misfire (i.e.

/𝑉

Γ<Γ

) or decrease with time after thermal runaway before vanishing eventually for Γ

Γ<Γ

. If a larger amount of energy than the MIE (i.e. Γ > Γ

a higher value of 𝑇

the

would be observed, and the 𝑉

similar to the ones corresponding to Γ = Γ

.

/𝑉

<

) was to be deposited, both

profiles would be qualitatively

but their magnitude would be higher. Interested

readers are directed to Papapostolou et al. (2019) where the amount of energy deposited was
greater than the respective MIE for self-sustained flame propagation (i.e. Γ > Γ

) for every

case investigated for near-identical parameters to the present study. The behaviours illustrated
in Figs. 5a-c remain valid across all the cases considered here and thus are not shown here for
the sake of brevity.

It can be seen from Fig. 3 that both Γ
𝜙

and Γ

values for the quiescent laminar cases with

= 1.0 remain greater than unity, which suggest that the MIEs for the quiescent laminar

droplet-laden mixtures with 𝜙

= 1.0, even only for obtaining thermal runaway remain

greater than the MIE value for self-sustained flame propagation for the quiescent laminar
homogeneous stoichiometric n-heptane-air mixture. The MIE values of the droplet-laden
mixtures normalised by the corresponding MIE values for homogeneous mixtures for the
identical values of 𝑢 /𝑆
Γ
𝑀𝐼𝐸

and 𝜙

are listed in Table 2. It can be seen from Table 2 that

remains greater than unity for droplet cases where Γ

Γ
.

= [𝐼𝐸]

/

is the normalised MIE for self-sustained flame propagation for the corresponding

turbulent homogeneous mixture with 𝜙 = 𝜙 . A similar qualitative behaviour has been
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observed for Γ

Γ

. This suggests that the MIE requirements for the droplet-laden

mixtures are greater than those for homogeneous gaseous mixtures. This behaviour is expected
because a part of the input energy is utilised to evaporate the droplets. However, this
contribution is not solely responsible for Γ
comparison to Γ

Γ

> 1, because the value of Γ

changes in response to the variations of initial values of 𝑢 /𝑆

in
(

),

𝑎 /𝛿 and 𝜙 . In order to explain this behaviour, the probability density functions (PDFs) of
gaseous equivalence ratio ϕ at 𝑡 = 5.0𝑡

are exemplarily shown in Fig. 6. It is evident from

Fig. 6 that the gaseous phase combustion for all the droplet cases takes place under fuel-lean
conditions in comparison to the overall equivalence ratio (i.e. 𝜙 < 𝜙 ) and the probability
of obtaining 𝜙 ≥ 𝜙
𝑎 /𝛿

decreases with increasing (decreasing) normalised droplet diameter

(overall equivalence ratio 𝜙 ). This behaviour originates due to the smaller

evaporation rate of larger droplets, and the predominance of 𝜙 < 𝜙

in the gaseous phase

for combustion of droplet-laden mixtures is consistent with several previous analyses
(Neophytou and Mastorakos, 2009; Wacks et al., 2016; Ozel-Erol et al., 2018; Papapostolou et
al., 2019).

The lean and rich flammability limits are shown in Fig. 6, which reveal that the probability of
finding flammable gaseous mixtures decreases with increasing droplet diameter. Across all
cases, the probability of finding gaseous mixtures within the flammability limits is significantly
higher for initial 𝑎 ⁄𝛿 = 0.03 cases than that for the corresponding initial 𝑎 ⁄𝛿 = 0.04
and 0.05 cases, and in the initial 𝑎 ⁄𝛿 = 0.04 and 0.05 cases the PDFs of ϕ peak at, or
below the lean flammability limit. It is well-known that the MIE values increase with
decreasing 𝜙 for the fuel-lean gaseous mixtures and therefore the predominance of 𝜙 < 1.0
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in the droplet cases yields Γ

Γ

> 1.0 and Γ

Γ

> 1.0 for all droplet cases

considered here (see Table 2).

Figure 6: PDFs of equivalence ratio in the gaseous phase ϕ in the region given by 0.1 ≤
𝑐 ≤ 0.9 for all cases at 𝑡 = 5.0𝑡 for Γ = Γ
in the case of initial normalised droplet size
𝑎 /δ = 0.03, 0.04 and 0.05 (from left to right) and initial turbulence intensity
𝑢 /𝑆
= 0.0, 4.0 and 8.0 (from top to bottom) in the case of ϕ = 0.8 (black), 1.0
(blue) and 1.2 (red). The vertical dashed black lines indicate flammability limits, whilst the
vertical bold dotted lines indicate initial ϕ and are colour coded respectively.
It can further be seen from Fig. 6 the PDFs of 𝜙 for the initial 𝑎 ⁄𝛿 = 0.04 and 0.05 cases
exhibit similar behaviour (peaking outside the lean flammability limit), but the PDFs of the
initial 𝑎 ⁄𝛿 = 0.03 cases indicate a significantly higher likelihood of encountering
flammable mixtures than for other droplet sizes considered here. Accordingly, both Γ
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and

Γ

requirements drastically increase from D03 to D04 cases, but minimally increase from

D04 to D05 cases, as can be seen from Fig. 3, and it must also be mentioned that ϕ

also has

a smaller but a significant influence on the MIE values.

As 𝜙

increases so does the probability of finding ϕ close to unity, thus allowing for easier

thermal runaway and subsequent self-sustained flame propagation, which in turn corresponds
to smaller Γ

and Γ

requirements, as observed in Fig. 3. The effects of 𝜙

for all cases, but these effects weaken with increasing 𝑎 /δ

and 𝑢 /𝑆

are consistent
, as illustrated

by the cases with initial 𝑎 ⁄𝛿 = 0.05, where the variations in 𝜙 , marginally affect the
profiles and peak values of the PDFs of ϕ . Figure 6 indicates that the peaks of the PDFs of
ϕ slightly shift towards leaner conditions for higher values of 𝑢 /𝑆

, but these effects

are marginal when compared to the effects induced by the change in initial droplet diameter
and ϕ . For large values of 𝑢 /𝑆

the evaporated fuel is dispersed more readily from

the evaporation sites due to enhanced turbulence mixing, which increases the likelihood of
obtaining leaner mixtures with increasing turbulence intensity. A similar qualitative behaviour
was observed in previous analyses (Ozel-Erol et al., 2018; Papapostolou et al., 2019). In
addition to the increased eddy thermal diffusivity and heat transfer rate from the hot gas kernel,
the increased likelihood of obtaining leaner gaseous phase mixture acts to increase Γ
Γ

and

with increasing turbulence intensity for droplet-laden mixtures.

The composition of the fuel-air mixture in the gaseous phase resulting from droplet evaporation
affects the subsequent combustion behaviour. This can be illustrated by analysing the
behaviour of the flame index 𝜓 within the flame (i.e. 0.1 ≤ 𝑐 ≤ 0.9). The flame index 𝜓 can
be defined as (Briones et al., 2006):
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𝜓=

(17)

1 𝜉−𝜉
∇𝑌 ⋅ ∇𝑌
1+
|∇𝑌 | ⋅ |∇𝑌 |
2 |𝜉 − 𝜉 |

According to the definition, ψ = −1.0 and ψ = 1.0 indicate fuel-lean and fuel-rich premixed
combustion respectively, whereas ψ = 0 is indicative of non-premixed (diffusion mode)
combustion. The PDFs of t he flame index 𝜓 in the region corresponding to 0.1 ≤ 𝑐 ≤ 0.9 at
𝑡 = 5. 0𝑡

are exemplarily shown in Fig. 7 but a similar qualitative behaviour has been

observed for other time instants. It is evident from Fig. 7 that the combustion process
predominantly takes place under fuel-lean premixed and non-premixed modes. The diffusion
flame is stabilised at the stoichiometric mixture (i.e. 𝜙 = 1.0) and thus the non-dimensional
maximum temperature 𝑇

settles to unity long after the energy deposition duration (i.e. 𝑡 ≫

𝑡 ) in the case of self-sustained flame propagation irrespective of the values of turbulence
intensity, droplet diameter and droplet number density. It can be seen from Fig. 7 that the
probability of obtaining ψ = 0 (i.e. non-premixed combustion) increases with increasing
𝑢 /𝑆

. This behaviour originates due to the strengthening of diffusion of fuel vapour

from the droplet sites with the surrounding air under high turbulence intensities. The
aforementioned trend is observed for the ϕ

= 0.8 cases irrespective of droplet diameters

investigated in the present study. This observation can be attributed to the increased level of
mixing of the fuel from the evaporated droplets, which is driven by turbulence. It can also be
seen from Fig. 7 that the probability of finding ψ = 0 increases with increasing 𝑎 /𝛿 due to
the slower evaporation rate for larger droplets, which gives rise to increased mixture
inhomogeneity, and in turn increases the extent of the non-premixed mode of burning. As
shown in Fig. 7, fuel-lean premixed mode of burning is predominantly obtained for ϕ

= 0.8

and 1.0, and the occurrence of fuel-rich premixed flames becomes more likely when ϕ
1.2. This is consistent with the predominance of ϕ < 𝜙
demonstrated in Fig. 6. In the case of ϕ

in the ϕ

=

= 0.8 and 1.0 cases, as

= 1.0 and 1.2, the probability of finding fuel-rich
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premixed combustion mode (i.e. ψ = 1.0) is predominantly obtained for initial 𝑎 /δ = 0.03
and 0.04 cases due to the relatively high probability of finding 𝜙 > 1.0 as a result of rapid
evaporation of small droplets (see Fig. 7).

Figure 7: PDFs of flame index ψ in the region given by 0.1 ≤ 𝑐 ≤ 0.9 for Γ = Γ
at 𝑡 =
5. 0𝑡 for initial 𝑎 /𝛿 = 0.03, 0.04 and 0.05 (from left to right) and overall equivalence
ratios 𝜙 = 0.8, 1.0 and 1.2 (from top to bottom), in the case of laminar (black), initial
𝑢 /𝑆
= 4.0 (blue) and initial 𝑢 /𝑆
= 8.0 (red) conditions.

Figure 7 further demonstrates that the likelihood of fuel-lean burning (i.e. ψ = − 1) increases
with increasing turbulence intensity and droplet diameter but with decreasing overall
equivalence ratio. This is reflected in the decreasing trends of 𝑉
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.

/𝑉 with increasing initial

values of 𝑢 /𝑆

and 𝑎 /𝛿 and with decreasing 𝜙

as a result of the weak burning rate

of fuel-lean mixtures.

It is worth noting that successful thermal runaway as a result of external energy addition and
subsequent flame propagation for the minimum ignition energy input are stochastic events and
therefore sensitive to the realisations of turbulent flow conditions. In experimental
investigations, a success rate of 50% across numerous turbulent realisations (at least 30 as
reported by Shy et al., 2010) is required to ascertain the MIE value for a certain case, which is
impossible to adopt for a DNS-based analysis due to the high computational cost associated
with it. Therefore, to investigate the stochastic nature of thermal runaway and subsequent flame
propagation for the MIE input, two additional simulations have been carried out for the energies
corresponding to Γ

and Γ

identical conditions (i.e. 𝑢 /𝑆

(

for each case under different realisations of statistically
)

and 𝑙 ) of the initial turbulent flow field. The findings for

the above analysis are summarised in terms of the number of successful thermal runaway and
self-sustained propagation events in Fig. 8. It is worth noting that the MIE requirements are
evaluated based on only one turbulent realisation (i.e. realisation S01) due to the computational
cost arising from needing multiple simulations to ascertain the MIE for a certain set of
parameters. This inherently means that successful thermal runaway and self-sustained flame
propagation are always obtained for one of the turbulent realisations (mentioned as the
realisation S01 in Fig. 8) for Γ

and Γ

, respectively. It can be seen from Fig. 8 that across

all three turbulent realisations investigated for both Γ

and Γ

, successful events were

observed for at least 2 out of the three turbulent realisations.

Figure 8 shows that misfire is observed for only two cases with initial 𝑢 /𝑆

= 4.0

(U04D03F10 and U04D03F12) for the realisation S02, out of all the cases investigated. As
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demonstrated in Fig. 4, thermal runaway for the cases with initial 𝑢 /𝑆

= 4.0 takes

place as a result of autoignition. The possibility of autoignition depends on the statistical
behaviour and the magnitude of scalar dissipation rate (SDR) of mixture fraction 𝐷∇𝜉 ∙ ∇𝜉
values at the location of energy deposition (Mastorakos et al., 1997, 2017). Therefore, a misfire
takes place for the realisation S02 in the U04D03F10 and U04D03F12 cases if the gaseous
phase mixture is either too fuel-lean or SDR values are too high to allow thermal runaway.
However, for the cases with initial 𝑢 /𝑆

= 8.0, the maximum value of 𝑇

is obtained

within the energy deposition period for the MIE (see Fig. 4), which ensures that the temperature
to result in a thermal runaway is created while energy is being externally deposited and this
reduces the uncertainty in terms of obtaining thermal runaway. Thus, the turbulent realisation
is not expected to play a significant role on the success of thermal runaway. However, obtaining
successful self-sustained propagation after a thermal runaway is highly dependent on the
turbulent conditions at times long after the energy deposition period (i.e. 𝑡 ≫ 𝑡 ) and thus the
realisation of the turbulent flow field plays an important role in determining whether selfsustained propagation is obtained. It can be seen from Fig. 8 that a failed propagation is
obtained for realisation S02 is in the cases U04D03F10 and U04D03F12, which is in line with
misfire for these cases for this particular turbulent flow realisation, although successful thermal
runaway is achieved for the MIE for self-sustained flame propagation because Γ
than Γ
𝑢 /𝑆

is greater

. Failed self-sustained flame propagation for realisation S03 is observed for the initial
= 4.0 cases with initial 𝑎 ⁄𝛿 = 0.05 for ϕ

= 0.8 and 1.0. The evaporation

rate for large droplets (e.g. 𝑎 ⁄𝛿 = 0.05) is small and therefore the probability of finding
flammable mixtures is relatively small in the cases with the small/moderate values of droplet
number density (see Fig. 6). Thus, the resulting flame eventually extinguishes for 𝑡 ≫ 𝑡

due

to the long mode of quenching (Mastorakos, 2007) if the flame kernel does not encounter a
sufficient amount of flammable mixture during its evolution, and the heat transfer rate from
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the hot gas kernel overcomes heat release rate. For initial 𝑢 /𝑆

= 8.0 cases successful

self-sustained combustion has been obtained for all cases for realisations S01 and S03 for the
energy input corresponding to Γ

but successful self-sustained flame propagation is observed

for the U08D03F08 and U08D03F10 cases for realisation S02. The evaporation rate is high for
small droplets and thus a flammable mixture is more readily obtained for initial 𝑎 ⁄𝛿 = 0.03
cases amongst all the droplet sizes considered here. Thus, self-sustained combustion is more
readily obtained for different turbulent flow realisations for an external energy input
corresponding to Γ = Γ

for 𝜙

= 0.8 and 1.0 cases. Although the evaporation rate is high

for droplets with initial 𝑎 ⁄𝛿 = 0.03, the number of evaporation sites are greater in the 𝜙
1.2 case than in the 𝜙
𝜙

=

= 0.8 and 1.0 cases. This gives rise to larger SDR 𝐷∇𝜉 ∙ ∇𝜉 in the

= 1.2 case, which makes successful self-sustained combustion comparatively less likely

than in the 𝜙

= 0.8 and 1.0 cases, which is reflected in the failure to obtain successful self-

sustained flame propagation in the case of initial 𝑢 /𝑆

= 8.0 and 𝑎 ⁄𝛿 = 0.03 for

realisation S02.

Although the majority of realisations lead to successful thermal runaway or/and self-sustained
flame propagation for the MIE input evaluated for realisation S01, it is worth emphasising that
compared to a typical MIE from experiments, i.e. the energy leading to a probability of selfsustained flame establishment of 50%, a more statistically representative sample would be
required to ascertain the precise MIE values. However, this becomes extremely expensive to
obtain a more statistically representative sample using DNS and therefore only 3 reaslisations
have been considered here. Therefore, any comparison between the MIE values from DNS and
experiments should be conducted with the acknowledgement of the differences in the
evaluation methodology and the level of statistical convergence.
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Figure 8: Number of successful events out of three different turbulent realisations (S01, S02,
S03) across all turbulent cases investigated for only successful thermal runaway (i.e. Γ =
Γ
(top row) and for successful self-sustained flame propagation (i.e. Γ = Γ
bottom
row).
To understand the physical mechanisms that govern the stochastic nature of thermal runaway
and self-sustained flame propagation after a successful thermal runaway, the budget of the
terms in the energy conservation equation (Eq. 15) for the selected cases has been extracted at
specified time instants for different turbulent realisations. Care has been taken to select the
characteristic cases for which a misfire/failed self-sustained propagation was observed for a
specific turbulent realisation, and the energy budget for the unsuccessful realisation was then
compared with the energy budget arising from a successful realisation. As outlined previously
in the discussion regarding Fig. 8, the only difference between the cases investigated here is
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the turbulent realisation as everything else is kept the same (𝑎 , initial 𝑢 /𝑆
𝜙

, 𝑎 /𝛿 ,

and droplet distribution), and thus a successful or failed thermal runaway/self-sustained

arises solely due to the nature of a particular turbulent flow realisation. For this reason, two
characteristic cases, which illustrate the stochasticity in terms of thermal runaway and selfsustained propagation, respectively are exemplarily shown in Fig. 9.

As the energy budget in Fig. 9 is shown at 𝑡 > 𝑡

, the term 𝑞′′′ (see Eq. 15 for all terms) is

identically zero because the energy deposition has already been completed, and thus is not
shown to preserve clarity. The viscous term 𝐷 , which is also not shown here to preserve clarity,
is not a leading order contributor and does not play any significant role in thermal runaway and
subsequent flame propagation dynamics, as found in a previous analysis (Turquand d’Auzay
et al., 2019). The convective 𝐶 and the pressure work 𝑃 terms follow similar trends, being
predominantly negative, as they are affected by dilatation rate induced by thermal expansion.
The mean values of 𝐶 and 𝑃 conditional on 𝑇 exhibit negative values as the reactants are
pushed outwards, which is consistent with previous findings (Turquand d’Auzay et al., 2019).
The mean value of the heat release term 𝜔̇

conditional upon 𝑇 remains deterministically

positive, whereas the mean value of the molecular diffusion term 𝐷 assumes positive values
on the unburned gas side before exhibiting negative values towards the burned gas side of the
flame. The mean value of the evaporation contribution 𝑆̇ assumes non-negligible magnitudes
at the leading edge of the flame front but its magnitude in comparison to that of 𝜔̇
𝐷 remains negligible for the majority of the flame.
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and

(a)

(b)

Figure 9: Budget of the mean values of the different terms (i.e. 𝐶 − 𝑠𝑜𝑙𝑖𝑑 𝑙𝑖𝑛𝑒; pressure
work term 𝑃 − 𝑑𝑎𝑠ℎ𝑒𝑑 𝑙𝑖𝑛𝑒; heat release 𝜔̇ − dotted line and thermal diffusion rate 𝐷 dashed dotted line) of the energy conservation equation (i.e. Eq. 15) conditional on nondimensional temperature 𝑇 for the U04D03F10 case (left), with Γ = Γ
at 𝑡 = 2.0𝑡 in
the case of two different turbulent realisations (S02 and S03), and for the U08D04F12 case
(right), with Γ = Γ
at 𝑡 = 5.0𝑡 in the case of two different turbulent realisations (S01
and S02). The line with star markers indicates the sum of the mean combined contribution
of heat release and thermal diffusion rate (𝜔̇ + 𝐷 ), whilst the line with circle markers
indicates 𝑆 ̇ . The terms for S02 in Fig. 9a are multiplied by 10 to increase readability as
indicated in the legend.
To investigate the effects that different realisations of turbulence have on the thermal runaway,
the energy budgets for the cases U04D03F10S02 and U04D03F10S03 at 𝑡 = 2.0𝑡

(when the

energy input by the ignitor is equal to zero) are presented in Fig. 9a. It has already been
demonstrated in Fig. 4 that thermal runaway in cases with initial 𝑢 /𝑆

= 4.0 occurs as

a result of autoignition at around 𝑡 = 1.5𝑡 . As outlined in Fig. 8, a misfire is obtained for S02
realisation and this is also reflected by the energy budget, where the terms in the energy
transport equation including the heat release term 𝜔̇

are of significantly smaller magnitude

than those observed for a thermal runaway as is the case for S03 realisation. The maximum
value of 𝑇

is obtained at approximately 2.0𝑡

if a successful autoignition is to be observed,

and this occurs for S03 and is reflected by the corresponding energy budget. However, 𝑇
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decreases rapidly after the energy deposition period in the absence of thermal runaway for S02
realisation, and thus the magnitudes of the terms of the energy conservation equation remain
small.

Moving onto the energy budgets in Fig. 9b for the turbulent realisations S01 and S02 for the
case U08D04F12 extracted at 𝑡 = 5.0𝑡

for Γ = Γ

, a successful self-sustained propagation

is expected for S01 realisation, but a failed propagation is to be observed for S02 realisation
according to the observations made from Fig. 8. The behaviour of all the terms are similar for
realisations S01 and S02 but there are some subtle differences. Regarding the thermal diffusion
rate term 𝐷 for S01 realisation, its mean value remains positive for higher values of 𝑇 than
that observed for S02 realisation. Additionally, there are significant differences in the
magnitude of the mean value of the heat release term 𝜔̇ , which as expected is positive for both
realisations, but for the realisation (i.e. S01) which leads to successful self-sustained flame
propagation 𝜔̇ has a higher magnitude than in the realisation (i.e. S02) where a failed
propagation is obtained. The mean contributions of the convective and pressure terms in these
cases play a minor role, due to their small magnitudes and exhibit the same qualitative and
quantitative behaviour between these different turbulent flow realisations.

It is worth noting that the inertial effects can potentially play an important role (Lawes and
Saat, 2011) in droplet-laden mixtures, especially for large values of 𝑢 /𝑆

and 𝑎 /𝛿

(i.e. Stokes number is high under these conditions). The initial droplet distribution (i.e. at 𝑡 =
0) was identical for all turbulent flow realisations but the number of droplets the kernel interacts
with changes from one realisation to another as time advances. The variability of the number
of droplets in the vicinity of the ignitor, and thus also the kernel at early times (𝑡 < 2.0𝑡 ),
can play a role in deciding the likelihood of obtaining successful thermal runaway and
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subsequent self-sustained flame propagation, especially for large values of 𝑢 /𝑆
𝑎 /𝛿 . In order to demonstrate this, a sphere with 𝑟 = 3𝑅

(

)

and

has been taken as a control

volume (𝑉 ), as it encompasses the growing kernel across all cases within its volume for up to
𝑡 = 2.0𝑡 . The initial droplet number density is the same for a given set of 𝑎 /𝛿 and 𝜙
values for all realisations, and thus the number density of droplets normalised by its initial
value (i.e. 𝑡 = 0) within 𝑉 (i.e.𝑉 = 4/3𝜋 3𝑅
𝑡 = 2.0𝑡

at the centre of the domain) at 𝑡 = 𝑡

for S01, S02 and S03 realisations in Fig. 8 are listed in Table 3 for Γ = Γ

and

.

Table 3: The number density of droplets normalised by its initial value (i.e. 𝑡 = 0) within 𝑉
(i.e.𝑉 = 4/3𝜋 3𝑅
at the centre of the domain) for S01, S02 and S03 realisations at 𝑡 =
𝑡 and 𝑡 = 2.0𝑡 for Γ = Γ . in all turbulent cases shown in Fig. 8.
Normalised droplet number density within 𝑽𝒄𝒕𝒓𝒍
S01
S02
S03
Case
𝒕 = 𝒕𝒔𝒑
𝒕 = 𝟐𝒕𝒔𝒑
𝒕 = 𝒕𝒔𝒑
𝒕 = 𝟐𝒕𝒔𝒑
𝒕 = 𝒕𝒔𝒑
𝒕 = 𝟐𝒕𝒔𝒑
U04D03F08
0.877
0.657
0.873
0.776
0.873
0.718
U04D03F10
0.885
0.754
0.877
0.795
0.881
0.742
U04D03F12
0.885
0.757
0.876
0.795
0.881
0.708
U04D04F08
0.897
0.746
0.938
0.837
0.903
0.764
U04D04F10
0.908
0.757
0.931
0.830
0.913
0.774
U04D04F12
0.897
0.757
0.913
0.812
0.905
0.763
U04D05F08
0.905
0.741
0.945
0.869
0.922
0.789
U04D05F10
0.908
0.643
0.952
0.867
0.915
0.786
U04D05F12
0.910
0.750
0.956
0.867
0.926
0.790
U08D03F08
0.809
0.670
0.894
0.896
0.834
0.670
U08D03F10
0.834
0.725
0.889
0.900
0.835
0.675
U08D03F12
0.832
0.704
0.886
0.889
0.837
0.639
U08D04F08
0.819
0.696
0.948
0.946
0.860
0.681
U08D04F10
0.828
0.719
0.937
0.936
0.873
0.696
U08D04F12
0.821
0.712
0.915
0.922
0.863
0.697
U08D05F08
0.794
0.697
0.954
0.987
0.872
0.747
U08D05F10
0.796
0.706
0.956
0.993
0.866
0.724
U08D05F12
0.815
0.726
0.960
0.979
0.874
0.723
Although the normalised droplet number densities within 𝑉 are shown in Table 3 for Γ =
Γ

, the qualitative behaviour remains unchanged for Γ = Γ
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. The number density of the

droplets decreases with time for the cases where thermal runaway is observed. This decrease
in number density may occur due to evaporation, which acts to produce flammable mixture in
the vicinity of the energy deposition location. However, the chosen control volume is not
impermeable, and thus the number of droplets found within the control volume can also
increase and decrease as turbulence interacts with droplets and moves them. Thus, the change
of normalised droplet number density within the control volume, as time advances is not
conclusive on its own in indicating whether a misfire, or a thermal runaway would occur for
Γ=Γ

(alternatively if thermal runaway and subsequent self-sustained propagation can be

obtained for Γ = Γ

). Simultaneous occurrences of a reduction in droplet number density and

an increase in the gaseous phase equivalence ratio within 𝑉 with time are indicative of the
availability of gaseous fuel vapour as a result of droplet evaporation. To investigate this further,
it is worthwhile to analyse the histograms of the number 𝑁 of samples with ϕ normalised by
the total number of samples available within 𝑉 (i.e. 𝑁 , which is identical for all cases) at
𝑡=𝑡

and 2.0𝑡

for the cases presented in Table 3. For brevity, the histograms are shown in

Fig. 10a for all the cases with initial 𝑢 /𝑆
𝑡=𝑡

and 𝑡 = 2.0𝑡

= 4.0 and 𝑎 /𝛿 = 0.03, for Γ = Γ

at

across all turbulent realisations. The trends observed in Fig. 10 hold

across all turbulent cases shown in Fig. 8.
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(a)

(b)
Figure 10: (a) Histograms of number of samples 𝑁 corresponding to a particular gaseous
equivalence ratio ϕ normalised by the total number of samples within the control volume
𝑁 for different ranges of the gaseous phase equivalence ratio ϕ within 𝑉 at 𝑡 = 1.0𝑡
(blue bars) and 𝑡 = 2.0𝑡 (red bars) for Γ = Γ
in the case of initial normalised droplet
size 𝑎 /δ = 0.03 and initial turbulence intensity 𝑢 /𝑆
= 4.0 for ϕ = 0.8,
1.0 and 1.2 (from top to bottom) across all realisations S01, S02 and S03 (from left to right).
The vertical dashed lines indicate ϕ
at the respective time instants. The black dotted
vertical lines at ϕ = 0.6 and 1.5 show the lean and rich flammability limit; (b) Same as
(a) but the magnified views of histograms are shown within the lean and rich flammability
limits.
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Figure 10a shows that the histograms are similar at 𝑡 = 𝑡 , and thus not much insight can be
gleaned from them. An increase in 𝜙

(top to bottom) leads to an increased number of samples

with gaseous equivalence ratio above the lean flammability limit, which can be substantiated
from Fig. 10b where the histograms of samples within 𝑉

for different values of ϕ

within

the lean and rich flammability limits are shown. The mean value of the gaseous equivalence
ratio ϕ within the control volume (i. e. ϕ

) increases with time due to the increased

availability of gaseous fuel vapour as a result of evaporation of droplets. It is worth noting that
the profiles of the histograms, and ϕ

are near identical at 𝑡 = 𝑡

across the different

turbulent realisations (left to right). This is also reflected in the number density of droplets
within 𝑉 , which does not differ significantly between realisations at 𝑡 = 𝑡
However, at 𝑡 = 2.0𝑡

(see Table 3).

the distributions of the histograms are different for different turbulent

realisations. Referring to Fig. 8, misfires are observed for realisation S02 for cases U04D03F10
and U04D03F12. The S02 realisation in cases U04D03F10 and U04D03F12 exhibits smaller
mean values of ϕ (i.e. ϕ

) than that found for the S03 realisation for 𝜙 =1.0 and 1.2.

This is consistent with higher number density of droplets within 𝑉 for the S02 realisation than
in the S03 realisation. The higher value of ϕ

in the S03 realisation acts to increase

the possibility of successful thermal runaway occurring in comparison to the S02 realisation
for cases U04D03F10 and U04D03F12. However,

ϕ

between S01 and S02

realisations is very similar for cases U04D03F10 and U04D03F12, but Fig. 10b reveals that
both S01 and S03 realisations show more samples within the flammable range than in the case
of S01 realisation. Thus, the differences in droplet number density and the distribution of
gaseous phase equivalence ratio (i.e. availability of flammable mixture and SDR of mixture
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fraction) in the vicinity of the energy deposition location affect the statistical behaviours of 𝜔̇
and 𝐷 in the energy conservation equation for localised ignition of droplet-laden mixtures.

The above discussion indicates that the variation of the turbulent realisation has a significant
influence on the energy budget terms, which in turn govern whether successful thermal
runaway or self-sustained flame propagation is observed for a particular turbulent realisation.
This is principally governed by the competition between the leading order contributions of the
heat release and thermal diffusion rate terms (i.e. 𝜔̇ + 𝐷 ). Effectively, a net positive mean
value of (𝜔̇ + 𝐷 ) (i.e. (𝜔̇ + 𝐷 ) > 0) is indicative of the iso-surface propagating into the
unburnt mixture, whilst a net negative mean value (i.e. (𝜔̇

+ 𝐷 ) < 0) suggests that the hot

gas kernel shrinks, as the positive heat release rate is overcome by the negative contribution of
the heat transfer from the hot gas kernel as a result of thermal diffusion. Indeed, the mean value
of (𝜔̇ + 𝐷 ) remains positive (i.e. (𝜔̇ + 𝐷 ) > 0) throughout the flame for all the
turbulent realisations where a successful self-sustained propagation is observed, whilst failed
propagation (and also valid for failed thermal runaway) is observed where the mean value of
(𝜔̇ + 𝐷 ) becomes negative (i.e. 𝜔̇

+ 𝐷 ) < 0). This behaviour is also found to be

qualitatively similar to the energy budget for localised forced ignition of turbulent
homogeneous mixtures by Turquand d’Auzay et al. (2019).

5. CONCLUSIONS
The minimum ignition energy (MIE) for uniformly dispersed mono-sized n-heptane dropletladen mixtures under homogeneous isotropic decaying turbulence has been numerically
evaluated for a range of different initial turbulence intensities, droplet diameters and overall
equivalence ratios. It has been demonstrated that a decrease in droplet diameter reduces the
MIE requirement due to the faster evaporation of smaller droplets, thus leading to more readily
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available flammable fuel-air mixture in the gaseous phase. These findings have been found to
be in good qualitative agreement with experimental results of Danis et al. (1987). The
availability of gaseous flammable mixture also increases with increasing overall equivalence
ratio (or number density of droplets) and this leads to a reduction in the MIE requirement with
increasing overall equivalence ratio. The MIE has been found to increase with increasing
turbulence intensity and this increase in the MIE demand increases significantly for large
turbulence intensities, which is consistent with previous findings in the case of turbulent
homogeneous mixtures (Cardin et al., 2013a,b; Huang et al., 2007; Shy et al., 2010,2017; Jiang
et al., 2018; Turquand d’Auzay et al., 2019). Additionally, it has been demonstrated that the
MIE required for droplet laden mixtures remains greater than the MIE required for a
corresponding homogeneous gaseous mixture. This behaviour arises from the fact that a part
of the externally added energy is used to evaporate the droplets and also due to the
predominantly fuel-lean mode of gaseous phase combustion. The tendency for fuel-lean
combustion increases with increasing droplet size due to the slower evaporation of the larger
droplets, and this tendency is also observed with decreasing overall equivalence ratio due to
the reduced availability of the fuel vapour in the gaseous phase. It has also been found that
finite probabilities of the occurrences of non-premixed combustion have also been observed in
all cases in spite of predominant fuel-lean premixed combustion, and a small probability of
fuel-rich premixed combustion has been observed for the smallest droplet diameter especially
for fuel-rich overall equivalence ratios. It was found that a successful self-sustained
propagation after the energy deposition period (i.e. 𝑡 ≫ 𝑡 ) has been found to be critically
dependent on the balance between the heat release rate and thermal diffusion rate terms in the
energy conservation equation, exhibiting similarity to the previous findings for ignition of
turbulent homogeneous gaseous mixtures (Turquand d-Auzay et al., 2019). It must be
mentioned that the current analysis, excludes the effects of complex transport, low-temperature
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kinetics, gas ionisation effects on the ignition process and their influences on the MIE for
turbulent droplet-laden mixtures. Although the qualitative nature of the results are not expected
to be affected by the choice of chemical mechanism, further investigation with detailed
chemistry and transport will form the basis of future investigations.

APPENDIX
The temporal evolutions of rms turbulent velocity fluctuation 𝑢, integral length scale 𝐿

=𝑘

.

/𝜀

(where 𝑘 and 𝜀 are turbulent kinetic energy and its dissipation rate evaluated over the whole
domain) and turbulent Reynolds number 𝑅𝑒 = 𝜌 𝑢 𝐿
for initial values of 𝑢′/𝑆

= 4.0 and 8.0 for 𝜙

/𝜇 normalised by their initial values
= 1.0 are shown in Fig. 11 for different

values of 𝑎 /𝛿 along with the corresponding temporal decays of purely gaseous turbulence
with no chemical reactions. The trend is the same for other values of 𝜙

and thus they are not

shown here.

It can be seen from Fig. 11 that the decay rates of 𝑢 , 𝐿

and 𝑅𝑒 for droplet-laden reacting

cases is not hugely different from the non-reacting purely gaseous turbulent cases, with the
non-reacting cases exhibiting a slightly faster rate of decay than the droplet-laden reacting
cases. At the end of the energy deposition duration both 𝐿

and 𝑢 decay slightly from their

initial values. As the kernel grows the exothermic chemical reaction results in thermal energy
that raises the gas temperature and lowers its density, causing the hot gas kernel to expand, thus
creating a local source of kinetic energy, resulting in the slight differences observed between
the reacting and non-reacting cases.
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Figure 11: Temporal evolutions of 𝑢 (top row), 𝐿
(middle row) and 𝑅𝑒 (bottom row),
normalised by their respective initial values (𝑢 , 𝐿
and 𝑅𝑒 respectively), for all turbulent
cases with 𝜙 = 1.0. Blue indicates cases with initial 𝑢′/𝑆
= 4.0, and red indicates
cases with initial 𝑢′/𝑆
= 8.0, whilst the circle markers indicate the corresponding
purely gaseous turbulence with no chemical reactions. The dashed vertical black line
indicates the end of the energy deposition duration.

ACKNOWLEDGEMENTS
The financial support of British Council, EPSRC, and National Education Ministry of Turkish
government and computational support of Rocket, Cirrus and ARCHER are gratefully
acknowledged.

49

REFERENCES
Ballal, D.R., Lefebvre, A. (1977a) Ignition and flame quenching in flowing gaseous mixtures,
Proc. Roy. Soc. Lond., 357, 163.
Ballal, D.R., Lefebvre, A. (1977b) Sprak ignition of turbulent flowing gases, 15th Aero. Sci.
Meeting, AIAA Los Angeles, paper no. 77-185.
Ballal, D.R., Lefebvre, A. (1978) Ignition and flame quenching of quiescent fuel mists, Proc.
R. Soc. A Math. Phys. Eng. Sci., 364, 277.
Ballal, D.R., Lefebvre, A. (1979) Ignition and flame quenching of flowing heterogeneous fuelair mixtures, Combust. Flame, 35,155.
Bilger, R.W. (1988) The structure of turbulent non-premixed flames, Proc. of Combust. Inst.,23
475.
Briones, A. M., Aggarwal, S. K. and Katta, V. R. (2006) A numerical investigation of flame
lift off, stabilization, and blowout, Phys. Fluids, 18, 043603.
Cardin, C., Renou, B., Cabot, G., Boukhalfa, A.M. (2013a) Experimental analysis of laserinduced spark ignition of lean turbulent premixed flames, Comptes Rendus Mécanique 341,
191.
Cardin, C., Renou, B., Cabot, G., Boukhalfa, A.M. (2013b) Experimental analysis of laserinduced spark ignition of lean turbulent premixed flames: new insight into ignition transition,
Combust. Flame 160,1414.
Chakraborty, N., Mastorakos, E., Cant, R.S. (2007) Effects of turbulence on spark ignition in
inhomogeneous mixtures: a direct numerical simulation (DNS) study, Combust. Sci. Technol.,
179, 293.
Chiu, H.H., Liu, T.M. (1977) Group combustion of liquid droplets. Combust. Sci. Technol.
17(3-4)127.

50

Danis, A.M., Namer, I., Cernansky, N.P. (1988) Droplet size and equivalence ratio effects on
spark ignition of monodisperse N-heptane and methanol sprays, Combust. Flame, 74, 285.
de Oliveira, P., Allison, P.M., Mastorakos, E. (2019), Ignition of uniform droplet-laden weakly
turbulent flows following a laser spark, Combust. Flame, 199, 387.
Dietrich, D.L., Cernansky, N.P., Somashekara, M.B., Namer, I. (1991) Spark ignition of a
bidisperse, n-decane fuel spray, Proc. Combust. Inst., 23,1383.
El-Rabii, H., Gaborel, G., Lapios, J.-P., Thévenin, D., Rolon, J., Martin, J.-P. (2005) Laser
spark ignition of two-phase monodisperse mixtures, Opt. Commun. 256, 495.
Espi, C.V., Liñán, A. (2001) Fast, non-diffusive ignition of a gaseous reacting mixture subject
to a point energy source, Combust. Theo. Mod., 5, 485.
Espí, C. V., Liñán, A. (2002) Thermal-diffusive ignition and flame initiation by a local energy
source, Combust. Theo. Mod., 6, 297.
Fujita, A., Watanabe, H., Kurose, R., Komori, S. (2013) Two-dimensional direct numerical
simulation of spray flames - Part 1: Effects of equivalence ratio, fuel droplet size and radiation,
and validity of flamelet model. Fuel 104, 515.
Haruki, Y., Pillai, A. L., Kitano, T., Kurose, R. (2018) Numerical investigation of flame
propagation in fuel droplet arrays, Atomization and Sprays, 28, 357.
Hayashi, S., Kumagai, S., Sakai, T. (1977) Propagation Velocity and Structure of Flames in
Droplet-Vapor-Air Mixtures. Combust. Sci. Technol. 15, 169.
Huang, C., Shy, S.S., Liu, C.C., Yan, Y. (2007) A transition on minimum ignition energy for
lean turbulent methane combustion in flamelet and distributed regimes, Proc. Combust. Inst.
31, 1401.
Jiang, L.J., Shy, S.S., Nguyen, M.T., Huang, S.Y., Yu, D.W. (2018) Spark ignition probability and minimum ignition energy transition of the lean iso-octane/air mix- ture in premixed
turbulent combustion, Combust. Flame, 187, 87.

51

Kariuki, J., Mastorakos, E. (2017) Experimental investigation of turbulent flames in uniform
dispersions of ethanol droplets, Combust. Flame 179,95.
Lawes, M., Saat, A. (2011) Burning rates of turbulent iso-octane aerosol mixtures in spherical
flame explosions. Proc. Combust. Inst. 33, 2047.
Letty, C., Mastorakos, E., Masri, A.R., Juddoo, M., O’Loughlin, W. (2012) Structure of igniting ethanol and n-heptane spray flames with and without swirl, Exp. Therm. Fluid Sci., 43 47.
Mastorakos, E., Baritaud, T.A., Poinsot, T.J. (1997) Numerical simulations of autoignition in
turbulent mixing flows, Combust. Flame, 109, 198.
Mastorakos, E. (2017). Forced ignition of turbulent spray flames. Proc. Combust. Inst. 36,
2367.
Marchione, T., Ahmed, S., Mastorakos, E. (2009) Ignition of turbulent swirling n- heptane
spray flames using single and multiple sparks, Combust. Flame, 156, 166.
Moesl, K.G., Vollmer, K.G., Sattelmayer, T., Eckstein, J., Kopecek, H. (2009) Experimental
study on laser-induced ignition of swirl-stabilized kerosene flames, J. Eng. Gas Turbines Power
131, 021501.
Neophytou, A., Mastorakos, E. (2009) Simulations of laminar flame propagation in droplet
mists. Combust. Flame 156, 1627.
Neophytou, A., Mastorakos, E., Cant, R.S. (2010) DNS of spark ignition and edge flame
propagation in turbulent droplet-laden mixing layers. Combust. Flame 157, 1071.
Neophytou, A., Mastorakos, E., Cant, R.S. (2012) The internal structure of igniting turbulent
sprays as revealed by complex chemistry DNS. Combust. Flame 159, 641.
Ozel-Erol, G., Hasslberger, J., Klein, M., Chakraborty, N. (2018) A direct numerical simulation
analysis of spherically expanding turbulent flames in fuel droplet-mists for an overall
equivalence ratio of unity. Phys. Fluids 30, 086104.

52

Ozel-Erol, G., Hasslberger, J., Klein, M., Chakraborty, N. (2019) A Direct Numerical
Simulation investigation of spherically expanding flames propagating in fuel droplet-mists for
different droplet diameters and overall equivalence ratios, Combust. Sci. Technol., 191, 833.
Papapostolou, V., Ozel-Erol, G., Turquand d’Auzay, C., Chakraborty, N. (2019) Edge flame
propagation statistics in igniting monodisperse droplet-laden mixtures, Phys. Fluids 31, 105108.
Peng, M.W., Shy, S.S., Shiu, Y.W., Liu, C.C. (2013) High pressure ignition kernel development and minimum ignition energy measurements in different regimes of premixed turbulent
combustion, Combust. Flame, 160, 1755.
Pillai, A.L., Kurose, R. (2018) Numerical investigation of combustion noise in an open
turbulent spray flame. Appl. Acoust., 133, 16.
Pillai, A.L., Kurose, R. (2019) Combustion noise analysis of a turbulent spray flame using a
hybrid DNS/APE-RF approach. Combust. Flame, 200, 168.
Reveillon, J., Vervisch, L. (2000) Spray vaporization in nonpremixed turbulent combustion
modeling: a single droplet model. Combust. Flame 121, 75.
Reveillon, J., and Vervisch, L. (2005) Analysis of weakly turbulent dilute-spray flames and
spray combustion regimes, J. Fluid Mech. 537, 317.
Reveillon, J., Demoulin, F.X. (2007) Evaporating droplets in turbulent reacting flows. Proc.
Combust. Inst. 31, 2319.
Rogallo, R.S. (1981) Numerical experiments in homogeneous turbulence, NASA Technical
Memorandum 81315, NASA Ames Research Center, California.
Schroll, P., Wandel, A.P., Cant, R.S., Mastorakos, E. (2009) Direct numerical simulations of
autoignition in turbulent two-phase flows. Proc. Combust. Inst. 32, 2275.
Shy, S.S., Nguyen, M.T., Huang, S.-Y., Liu, C.-C. (2017) Is turbulent facilitated ignition
through differential diffusion independent of spark gap?, Combust. Flame, 185, 1.

53

Shy, S.S., Shiu, Y.W., Jiang, L.J., Liu, C.C., Minaev, S. (2017) Measurement and scaling of
minimum ignition energy transition for spark ignition in intense isotropic turbulence from 1 to
5 atm, Proc. Combust. Inst., 36, 1785.
Singh, A.K., Polymeropoulos, C.E. (1988) Spark ignition of aerosols, Proc. Combust. Inst., 21,
513.
Spalding, D.B. (1979) Combustion and heat transfer, Pergamon, 1st Edition, Oxford, UK.
Sreedhara, S., Huh, K.Y. (2007) Conditional statistics of nonreacting and reacting sprays in
turbulent flows by direct numerical simulation. Proc. Combust. Inst., 31, 2335.
Stempka, J., Kuban, L., Tyliszczak, A. (2019) Modelling of Spark Ignition in Turbulent
Reacting Droplet-laden Temporally Evolving Jet using LES, Technische Mechanik, 39(1), 149.
Stempka, J., Kuban, L., Tyliszczak, A. (2018) LES study of turbulence intensity impact on
spark ignition in a two-phase flow, Arch. Mech., 70(6), 551.
Tarrazo, E., Sanchez, A., Liñán, A., Williams, F.A. (2006) A simple one-step chemistry model
for partially premixed hydrocarbon combustion, Combust. Flame, 147, 32.
Turns, S.R. (2000) An introduction to Combustion: Concepts and Applications, 1st Edition,
McGraw Hill Pvt. Ltd. New York, USA.
Turquand d’Auzay, C., Papapostolou, V., Ahmed, S. F., Chakraborty, N. (2019) On the
minimum ignition energy and its transition in the localised forced ignition of turbulent
homogeneous mixtures, Combust. Flame, 201, 104.
Wacks, D., Chakraborty, N., Mastorakos, E. (2016) Statistical Analysis of Turbulent FlameDroplet Interaction: A Direct Numerical Simulation Study, Flow, Turbul. Combust. 96, 573.
Wandel A, Chakraborty N, Mastorakos E. (2009) Direct Numerical Simulations of turbulent
flame expansion in fine sprays. Proc. Combust. Inst., 32(2), 2283.
Wandel, A. (2013) Extinction predictor in turbulent sprays, Proc. Combust. Inst., 34, 1625.

54

Wandel, A. (2014) Influence on scalar dissipation on flame success in turbulent sprays with
spark ignition, Combust. Flame, 161, 2579.
Wang, Y., Rutland, C.J. (2005) Effects of temperature and equivalence ratio on the ignition of
n-heptane fuel spray in turbulent flow, Proc. Combust. Inst. 30, 893.
Watanabe, H., Kurose, R., Hwang, S.M., Akamatsu, F. (2007) Characteristics of flamelets in
spray flames formed in a laminar counterflow. Combust. Flame 148, 234.

55

FIGURE CAPTIONS
Figure 1: Instantaneous views of 𝑇 = 0.7 isosurface coloured by local values of normalised
fuel reaction rate magnitude |𝜔̇ | × 𝛿 /𝜌 𝑆

(

)

at 𝑡 = 2. 0𝑡 , 5. 0𝑡

and 8.0𝑡

(from left

to right) for cases U04D04F08, U04D04F10, U04D04F12 (from top to bottom) for the
respective MIE for self-sustained flame propagation (i.e. Γ = Γ
Figure 2: Isosurfaces of 𝑇 = 0.7 at 𝑡 = 2.0𝑡

(blue) , 5.0𝑡

) for each case.
(green) and 8.0𝑡

(magenta),

with the energy deposition region indicated by the red sphere, obtained for Γ = Γ
1.0 cases with laminar, initial 𝑢 /𝑆
bottom) for initial 𝑎 /δ

= 4.0 and initial 𝑢 /𝑆

for ϕ

=

= 8.0 (from top to

= 0.03, 0.04 and 0.05 (from left to right). The vertical black line

indicates the centre of the domain.
Figure 3: Normalised MIE variations only for successful thermal runaway Γ
successful self-sustained propagation, Γ

(left), and for

(right) for different initial values of 𝑢 /𝑆

,

𝑎 /𝛿 and 𝜙 .
Figure 4: Temporal evolution of maximum non-dimensional temperature, 𝑇
minimum ignition energy inputs for self-sustained flame propagation (i.e. Γ = Γ
of different turbulence intensities for initial 𝑎 /δ = 0.05 and 𝜙

for the
) in the case

= 1.2.

Figure 5: Temporal evolution of the volume of the burned gas region with 𝑐 ≥ 0.9 (i.e. 𝑉
normalised by the spark volume (i.e. 𝑉

(

)

= 4.0 and 𝜙

)

= (4𝜋⁄3)𝑅 ) in the case of MIE input for successful

self-sustained flame propagation (i.e. Γ = Γ
for initial 𝑢 /𝑆

.

): (a/left) for different initial droplet diameters

= 0.8, (b/centre) for cases with initial 𝑢 /𝑆

and 𝑎 /𝛿 = 0.05, (c/right) for cases with initial 𝑎 /𝛿 = 0.05 and 𝜙

(

)

= 4.0

= 0.8.

Figure 6: PDFs of equivalence ratio in the gaseous phase ϕ in the region given by 0.1 ≤
𝑐 ≤ 0.9 for all cases at 𝑡 = 5.0𝑡
𝑎 /δ

for Γ = Γ

in the case of initial normalised droplet size

= 0.03, 0.04 and 0.05 (from left to right) and initial turbulence intensity
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= 0.0, 4.0 and 8.0 (from top to bottom) in the case of ϕ

𝑢 /𝑆

= 0.8 (black), 1.0

(blue) and 1.2 (red). The vertical dashed black lines indicate flammability limits, whilst the
vertical bold dotted lines indicate initial ϕ

and are colour coded respectively.

Figure 7: PDFs of flame index ψ in the region given by 0.1 ≤ 𝑐 ≤ 0.9 for Γ = Γ
5. 0𝑡

at 𝑡 =

for initial 𝑎 /𝛿 = 0.03, 0.04 and 0.05 (from left to right) and overall equivalence

ratios 𝜙

= 0.8, 1.0 and 1.2 (from top to bottom), in the case of laminar (black), initial

𝑢 /𝑆

= 4.0 (blue) and initial 𝑢 /𝑆

= 8.0 (red) conditions.

Figure 8: Number of successful events out of three different turbulent realisations (S01, S02,
S03) across all turbulent cases investigated for only successful thermal runaway (i.e. Γ = Γ
(top row) and for successful self-sustained flame propagation (i.e. Γ = Γ

bottom row).

Figure 9: Budget of the mean values of the different terms (i.e. 𝐶 − 𝑠𝑜𝑙𝑖𝑑 𝑙𝑖𝑛𝑒; pressure work
term 𝑃 − 𝑑𝑎𝑠ℎ𝑒𝑑 𝑙𝑖𝑛𝑒; heat release 𝜔̇ − dotted line and thermal diffusion rate 𝐷 - dashed
dotted line) of the energy conservation equation (i.e. Eq. 14) conditional on non-dimensional
temperature 𝑇 for the U04D03F10 case (left), with Γ = Γ

at 𝑡 = 2.0𝑡

in the case of two

different turbulent realisations (S02 and S03), and for the U08D04F12 case (right), with Γ =
Γ

at 𝑡 = 5.0𝑡

in the case of two different turbulent realisations (S01 and S02). The line

with star markers indicates the sum of the mean combined contribution of heat release and
thermal diffusion rate (𝜔̇

+ 𝐷 ), whilst the line with circle markers indicates 𝑆 ̇ . The terms

for S02 in Fig. 9a are multiplied by 10 to increase readability as indicated in the legend.
Figure 10: (a) Histograms of number of samples 𝑁 corresponding to a particular gaseous
equivalence ratio ϕ normalised by the total number of samples within the control volume 𝑁
for different ranges of the gaseous phase equivalence ratio ϕ within 𝑉 at 𝑡 = 1.0𝑡
bars) and 𝑡 = 2.0𝑡
𝑎 /δ

(red bars) for Γ = Γ

(blue

in the case of initial normalised droplet size

= 0.03 and initial turbulence intensity 𝑢 /𝑆
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= 4.0 for ϕ

= 0.8, 1.0 and 1.2

(from top to bottom) across all realisations S01, S02 and S03 (from left to right). The vertical
dashed lines indicate ϕ

at the respective time instants. The black dotted vertical lines

at ϕ = 0.6 and 1.5 show the lean and rich flammability limit; (b) Same as (a) but the
magnified views of histograms are shown within the lean and rich flammability limits.
Figure 11: Temporal evolutions of 𝑢 (top row), 𝐿
normalised by their respective initial values (𝑢 , 𝐿
cases with 𝜙

(middle row) and 𝑅𝑒 (bottom row),
and 𝑅𝑒 respectively), for all turbulent

= 1.0. Blue indicates cases with initial 𝑢′/𝑆

cases with initial 𝑢′/𝑆

= 4.0, and red indicates

= 8.0, whilst the circle markers indicate the corresponding

purely gaseous turbulence with no chemical reactions. The dashed vertical black line indicates
the end of the energy deposition duration.
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