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Abstract—A theoretical constitutive model describing the stressstrain behavior of rock subjected to different confining pressures is
presented. A bounding surface plastic model with hardening effects is
proposed which includes the effect of temperature drop. The
bounding surface is based on a mapping rule and the temperature
effect on rock is controlled by Poisson’s ratio. Validation of the
results against available experimental data is also presented. The
relation of deviatoric stress and axial strain is illustrated at different
temperatures to analyze the effect of temperature decrease in terms of
stiffness of the material.

Keywords—Bounding surface, cooling of rock, plasticity model,
rock deformation, elasto-plastic behavior.

R

I. INTRODUCTION

OCKS contain micro-cracks and fractures and for this
reason they are named fractured porous media. Thermohydro-mechanical models of rock are useful as the rock’s
stress-strain response is mainly controlled by initial porosity,
porosity after the freezing of the rock, confining pressure, ice
pressure which deforms the pores wall, shrinkage of the rock
matrix, permeability, fracture density and stress-induced
damage [1].
There have been several investigations in the last decades to
describe the behavior of porous materials using the modified
cap model [2], [3], cam-clay model [4], [5], bounding surface
plasticity [6], [7] and hierarchical model [8] as well as many
others. However, most of these models cannot capture the
stress-strain response of fractured porous media under
different confining pressures within changing temperature
environment. The bounding surface model, which is adopted
in this study, is a promising approach due to its simplicity.
Dafalias and Popov firstly introduced the bounding surface
plasticity for metal [9]. Then this theory was successfully
extended to soil mechanics [10]-[12]. Fardis et al. introduced
bounding plasticity to concrete [13]. In terms of its application
to rocks, this is only found in [1], [14]. One missing parameter
in the literature affecting the elastoplastic behavior of rock is
temperature fluctuation. There are not enough numerical
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simulations and experimental data concerning freezing of rock
to be applied to procedures like CO2 injection.
In terms of the temperature influence on the stiffness of
material, most of the undertaken research focused on heating
the material to extreme temperatures. Few studies implement
thermal effects on elastoplastic bounding surface design.
Ultrasonic waves were used for Lanzhou Loess soil and an
increase in the Young modulus and a decrease in the Poisson’s
ratio were found during a temperature drop from -1 ℃ to -10
℃ [15]. Wu et al. [16] estimated the effects on Jiaozuo
sandstone of temperature increase. The rock was heated from
20 ℃ to 100 ℃ and Poisson’s ratio of the rock was found to
increase while the Young modulus decreased [16]. Uniaxial
compression tests using cryogen by [17] for rock specimens
showed that the young modulus for different types of saturated
rock like mudstone, conglomerate, rhyolite and schist decrease
from 0% to almost 20% for a temperature increase from -15 ℃
to +15 ℃.
Reppas et al. [18] identified the lack in the literature of a
fully robust hydro-mechanical model which includes thermal
effects and suggested that the cooling of rock needs to be
considered to simulate different procedures like CO2 injection.
Following the literature review and adopting the research [1],
[12] as a basis, thermal effects were added to these models and
the theoretical background was formulated.
The aim of this paper is to present an extensive and rigorous
elasto-plastic constitutive model for rock material that
includes effects on rock due to temperature drop. The
introduction of the cooling effects can be the start point for
following research on the elastoplastic behavior of rock
materials during temperature decrease or freezing.
II. PLASTICITY MODEL
A. The Critical State Line
The critical state line (CSL) separates the brittle and ductile
deformation in the 𝑝 𝑞 graph. 𝑝 is the current confining
pressure and 𝑞 is the deviatoric stress. Based on the MohrCoulomb model and introducing the frictional angle at critical
state (𝜙 , the slope of CSL (𝑀 ) can be expressed as [19]:
𝑀

(1)

The ) is used to represent compressive loading by taking
the positive symbol and extension by using the minus. The
friction angle is the same in compression and tension but the
value of (𝑀 ) is different.
The slope of the CSL (𝑀 ) as function of the lode angle (𝜗)
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can be expressed as:
𝜗
where 𝐽
stress and 𝐽

(2)

√

𝑠𝑖𝑛

∙𝑆 ∙𝑆

is the second invariant of deviatoric

𝑑𝑒𝑡𝑺

∙ 𝑆 ∙ 𝑆 ∙ 𝑆 is the third invariant.

The Lode angle can vary from
slope (𝑀

for the maximum CSL

) during compressive triaxial test to

for the
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minimum CSL slope (𝑀
) during a triaxial extensive test
[20]. The slope of the CSL can be expressed in terms of Lode
angle as [15], [20]:
𝑀

𝜗

𝑀

∆
∆

consolidation pressure). The 𝐼𝐶𝐿 is the loosest possible state
that the rock can achieve for a specific mean effective stress.
B. Freezing Effects on Rock
Following the reverse pathway of [16] as we need to
simulate the effect of cooling the rock, we can estimate the
change in Young modulus and Poisson’s ratio. It can be
outlined from the results of [15]-[17] that after decreasing the
temperature below zero, Poisson’s ratio decreases whereas the
Young modulus increases. It is noted that porosity also plays
an important role.
Poisson’s ratio will be influenced by temperature change so
that for isotropic material:
𝑛

(3)

∆

In (3) if ∆ 1 then the yield surface represents the VonMises Circle.
For critical state models, the elastic bulk modulus 𝐾
and elastic shear modulus 𝐺
can be expressed by
considering that the loading-unloading line occurs along a 𝜅
line in the 𝑣 𝑙𝑛𝑝 plane as follows:
𝐾

∙

(5)

∙𝐾

(6)

𝐾

1

𝑎∙𝜑 𝐾

1

𝜑 𝐾

𝜑 1

𝐺
where 𝑣 1 𝑒 is the specific volume; 𝜅 is the slope of the
unloading-reloading line (𝑈𝑅𝐿) in a 𝑣 𝑙𝑛𝑝 diagram and 𝑛 is
Poisson’s ratio. A schematic illustration of the isotropic
compression line (𝐼𝐶𝐿), critical state line (𝐶𝑆𝐿), of the 𝑈𝑅𝐿 in
the 𝑣 𝑙𝑛𝑝 domain based on [19] presented in Fig. 1.

(8)

/ 2 1 2𝑛
where 𝑎
3 1 𝑛
and 𝜑 is the
porosity of the whole medium [21]. According to the value of
the porosity, the bulk modulus of the porous and matrix can be
calculated. For this research it is assumed that when the
temperature is subzero, the whole amount of water in the
porous medium is frozen. Also, it was assumed that the bulk
and shear modulus of the whole porous domain can be
expressed as:

𝐾
𝐺

(7)

The bulk modulus can be expressed now as:
(4)

∆

𝑛

𝑎𝜑 𝐾

(9)
(10)

∙𝐾

for subzero temperatures.
C. Elastic-Plastic Behavior
The plastic behavior can be quantified by damage evolution
and plastic flow [1], [22]. In this paper only the plastic
behavior of the rock is considered for simplicity as the main
purpose is to show the temperature effects on elastoplastic
behavior of rock.
The strain rate consists of elastic and plastic parts as:
𝜺

𝜺

(11)

𝜺

where 𝜺 is the elastic strain increment and 𝜺 is the plastic
strain rate.
The intrinsic elastic modulus matrix for undamaged
material can be expressed differently according to the
temperature of the rock as follows:
Fig. 1 Full representation of 𝐼𝐶𝐿, 𝑈𝑅𝐿, 𝐶𝑆𝐿 in the 𝑣
based on CSSM [1]

𝑙𝑛𝑝 space

In Fig. 1, 𝜆 is the is the gradient of the isotropic
compression line, 𝑁 and Γ are the values of the specific
volume for 𝐼𝐶𝐿 and 𝐶𝑆𝐿, respectively at 𝑝 1 𝐾𝑃𝑎 𝑜𝑟 1 𝑀𝑃𝑎
and 𝑝 is the historic consolidated pressure (i.e. pre-
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𝑺

⎧ 𝐾
⎪
0
⎨𝐾
⎪
⎩ 0

0
3𝐺
0
3𝐺

,𝑇
,𝑇

𝑓𝑟𝑒𝑒𝑧𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡

(12)

𝑓𝑟𝑒𝑒𝑧𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡

The freezing point can vary according to the water that is
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being used for the saturation of the rock e.g saline water.
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D. Bounding Surface
The shape of the bounding surface is created by plotting the
yield points in the 𝑞 𝑝 space for different materials. The
yielding points were plotted for different types of sandstones
based on experimental research of [22]. Khalili et al.’s [12]
proposed yield surface for granular soils based on Cam-Clay
equations agrees with the results of the experimental work
[22] on sandstone. Considering this agreement, the modified
cam clay theory and bounding restriction were adopted in this
study. The equation describing the bounding surface for
different type of porous rock can be determined as:

𝑓 𝑝 , 𝑞, 𝑝

/

/

∙

0

(13)

where 𝑝 is representing the current effective stress on the
yield surface, 𝑝 controls the size of the bounding surface and
is a function of the damage variable 𝐷 and the plastic
volumetric strain 𝜀 ; 𝑀 controls the shape of the bounding
surface. For the value of 1 the yield function is reduced to the
original Cam-Clay model; 𝑅 is a material constant that
represents the ratio between 𝑝 and the value of 𝑝 at the
crossing point of the yield function 𝑓 with the 𝐶𝑆𝐿 in the
𝑞 𝑝 domain. The validation of the bounding surface
compared to different experimental results [22] is presented in
Fig. 2.

Fig. 2 Bounding surface validation

According to Khalili et al. [12], for plasticity, the
incremental plastic stress-strain relationship is presented as:
𝜺

∙𝒙∙𝒏 ∙𝝈

(14)

𝑛 𝑛
where 𝒏
is the unit vector normal to loading
𝑥 𝑥
is the
surface at the current stress state 𝝈 and 𝒙
unit direction of the plastic flow at 𝝈 ; h is the hardening
modulus.
𝑛 𝑛
at the image point
The unit normal vector 𝒏
𝝈 is defining the direction of loading and can be given using
the general equations of [12] as follows:
𝑛

/

/

/

/

/

/

/

/

/

𝑛

(15)

(16)

At any stress point 𝝈 of a typical shape of plastic potential
two vectors of plastic flow are identified one for compressive
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and one for extensive loading [12], [20].
E. Plastic Potential
The plastic potential 𝑔 0 is a factor of stress state and
dilatancy factor 𝑑). It expresses the ratio between the
incremental plastic volumetric strain and incremental plastic
shear strain. The dilatancy factor is positive for the opening or
regeneration of micro-cracks and negative for closure. The
forces acting for this procedure are the deviatoric stress and
the hydrostatic stress. The plastic dilatancy [1], [12] can be
expressed in terms of:
𝑑

/
/

𝑀

(17)

where 𝑀
1 𝑘 𝜉 𝑀 , and 𝑘 is a material constant. 𝑀
is used instead of 𝑀 to determine the dependency of 𝑑 on
density as indicated by 𝑘 and 𝜉 is a dimensionless parameter
defined as the vertical distance between the current state and
the 𝐶𝑆𝐿 in the 𝑣 𝑙𝑛𝑝 .
For porous rock, the plastic potential of granular soil [12]
was adopted:
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𝑔 𝑝 , 𝑞, 𝑝

𝑞

𝑘 𝜉 𝑀 𝑝 𝑙𝑛

1

(18)

where 𝑝 is a dummy variable controlling the size of the
plastic potential.
The components of 𝒙
a general form as:

𝑥 ,𝑥

at 𝝈 can be determined in
(19)

/ 𝝈

𝑥

‖

/ 𝝈 ‖

‖

/ 𝝈 ‖

/

𝑥

(20)

III. PARAMETER IDENTIFICATION
The constitutive parameters used for the elasto-plastic
model are: 𝜅, 𝑛 to describe the elastic behavior; 𝜆, 𝑁, Γ, 𝑀
and 𝑝 to describe the CSL; 𝑀 and 𝑅 to define the shape of the
bounding surface; 𝑚 to calibrate the hardening modulus; 𝑘 to
define the peak strength line and 𝑘 to define the stressdilatancy relationship.
Assuming that elastic strains are negligible in comparison to
plastic strains, 𝑘 is obtained by plotting the stress ratio 𝜂
against the measured dilatancy in standard drained triaxial
compression test. The value of 𝑘 can be obtained from the
slope of 𝜂 /𝑀 versus 𝜉.

The plasticity flow can be seen in Fig. 3.
Open Science Index, Geotechnical and Geological Engineering Vol:14, No:7, 2020 waset.org/Publication/10011341

with 𝑘 being a material parameter. ℎ is zero at bounding
surface and infinite at the stress reversal point [12].

IV. NUMERICAL IMPLEMENTATION
A. Mesh and Setup
The model was created using an axially symmetric mesh.
The mesh consisted of 64 four-node quadrilateral elements
with 2 by 2 integration points. A Finite Element Model (FEM)
was implemented in MATLAB software [23]. One half of the
sample was analyzed, and the boundary conditions are shown
in Fig. 4. Modified Euler with automatic sub-stepping was
adopted as an integration procedure in this study as the
elastoplastic equations were strongly non-linear.

Fig. 3 Plasticity flow [12]

The stress-strain can be determined as:
𝝈

𝑺 ∙𝒙∙𝒏 ∙ 𝑺

𝑺

𝒙∙𝒏 ∙ 𝑺

(21)

∙𝜺

F. Plastic Hardening
Following the usual approach in bounding surface
plasticity, the hardening modulus ℎ is separated into two
components, the plastic modulus ℎ at stress point 𝝈 and the
arbitrary modulus ℎ (the distance between the 𝝈 and 𝝈 ):
ℎ

ℎ

ℎ

(22)

Applying the plastic consistency condition at the bounding
surface [20], and assuming that isotropic hardening of the
bounding surface relates to isotropic damage and plastic
compressive volumetric strain, ℎ can be expressed as:
ℎ

(23)
‖

/ 𝝈 ‖

Fig. 4 The finite element mesh and boundary condition based on [1]

The arbitrary modulus ℎ can be expressed based on the
formulation proposed by [20] for sand and soil materials as:
ℎ

1 𝑚 𝜂

𝜂

(24)

where 𝑝 and 𝑝 control the size of the bounding surface and
the loading surface respectively, 𝑚 being a material
is the stress ratio; 𝜂
1 𝑘𝜉 𝑀 ,
parameter and 𝜂

International Scholarly and Scientific Research & Innovation 14(7) 2020

Validation of the proposed model to simulate the measured
behavior of rock under monotonic loading was achieved by
comparing numerical simulations with experimental results. In
Figs. 5 and 6 also the behavior of rock at a different subzero
temperature is presented.
The results are shown in Figs. 5 and 6. Discrete circles
represent the experimental test data at room temperature
(nearly 20 ℃) [23] and continuous solid and dashed lines are
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the model predictions. It is important to note that the model
results do not include damage. Sandstones were selected
because of their wide range of porosity and grain size. Two
different types of rock were simulated for a range of confining
pressures.

Open Science Index, Geotechnical and Geological Engineering Vol:14, No:7, 2020 waset.org/Publication/10011341

B. Darley Dale Sandstone
Drained triaxial compressive tests were operated on Darley
Dale sandstone (with a porosity of 13%) [24]. The diameter of
the sample was 18.4 mm and the length was 38.1 mm. All
samples were fully saturated. The axial strain speed was
1.3 ∙ 10 /𝑠. Results for three different confining pressures
360 𝑀𝑃𝑎. The
are presented (10, 50 and 100 MPa) with 𝑝
model parameters are also presented in Table I.
TABLE I
MODEL PARAMETERS FOR DARLEY SANDSTONE
𝑒
0.38

𝜆
0.15

𝜅
0.0075

𝑀
1.3

𝑁
1.75

𝑅
2.35

𝑘
0.55

(a)

𝑚
1

Poisson’s ratio was set to 𝑛 0.25. After the temperature
drops below -5 ℃ , Poisson’s ratio decreases. After the water
in the rock is frozen, (9) and (10) are used for the calculation
of the bulk and shear modulus.
Fig. 5 compares the model simulation and the experimental
data at the same temperature for the response of the deviatoric
stress-axial strain. It also shows an estimation of rock behavior
for a certain temperature drop at -5 ℃.
The validation gives satisfying results. However, the
damage of the material is not included and as a result for low
confining pressures brittle behavior cannot be described
perfectly. Damage of the material would influence the
parameter 𝜅 which is the slope of the unloading-reloading line
and that could set a limit on the increase of the deviatoric
stress by increasing the axial strain of the material. However,
the main purpose of this paper is to show the effect of
temperature drop. Despite the absence of damage evolution in
the model, it can be suggested that for low confining pressures
the temperature influence is negligible. For high confining
pressures the material when frozen is deformed at a certain
level by applying less deviatoric stress. This is mainly
occurring as for high confining pressures the material is acting
as ductile.

(b)

C. Boise Sandstone
Boise sandstone with porosity of 35% is simulated [23].
The rock sample has a diameter of 18.4 mm and a length of
38.1 mm. Experiments are conducted at fixed pore water
pressure of 10 𝑀𝑃𝑎 under drained condition. The tested
confining pressures are 10, 20, 100 and 200 MPa with
450 𝑀𝑃𝑎.The axial strain rate is 1.3 ∙ 10 /𝑠. The
𝑝
model parameters are also presented in Table II.
TABLE II
MODEL PARAMETERS FOR BOISE SANDSTONE
𝑒
0.5385

𝜆
0.10

𝜅
0.033

𝑀
1.7

𝑁
1.80

𝑅
2.35

𝑘
1

𝑚
16

(c)
Fig. 5 Deviatoric stress-axial strain relationship at different confining
pressures (a) Pc = 10 MPa, (b) Pc = 50 MPa, (c) Pc = 100 MPa at
room temperature validated using experimental results and compared
to -5 ℃ estimation

Fig. 6 shows the response of fully saturated Boise sandstone
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under different confining pressures. The behavior of rock is
well captured by the proposed model even though damage
effects are neglected.

(d)

(a)

Fig.6 Deviatioric stress-axial strain with different confining pressures
(a) Pc = 10 MPa, (b) Pc = 20 MPa, (c) Pc = 100 MPa, (d) Pc = 200
MPa at room temperature validated using experimental results and
compared to -5 ℃

Comparing now the behavior at different temperatures, for
low confining pressure the material needs more loading to
deformed at a certain value. Consequently, for lower confining
pressures (Pc 50 MPa) the material is becoming gradually
stiffer as the temperature is decreasing. When the peak
deviatoric stress is reached then according to Figs. 6 (a), (b)
the behavior is almost the same. For high confining pressures,
as the material is following the ductile pathway the differences
are less. Nevertheless, it can be noticed that for lower axial
strain the iced rock is behaving as stiffer whereas for higher
0.02 the material is losing strength.
axial strain (𝜀

(b)

(c)
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D. Temperature Drop at Different Confining Pressures
Based on the results of the two rocks (Darley Dale
sandstone and Boise sandstone) it can be suggested that the
porosity of the material especially for low subzero
temperatures is significantly influencing the behavior of rock.
This is happening especially for low confining pressures
where brittle behavior exists. It should be mentioned that
Poisson’s ratio is mainly changing during the freezing of the
rock according to the porosity of the material. For higher
confining pressures and ductile behavior, temperature is not
affecting stiffness much.
To better analyze the elastoplastic behavior of rock under
different temperatures, simulations are presented for Boise
Sandstone at different temperatures for two different confining
pressures Pc = 10 MPa and Pc = 100MPa (Fig. 7). For these
two simulations it was assumed that during temperature drop,
Poisson’s ratio is decreasing as the material is becoming stiffer
and the elastic modulus is increasing. An important decrease
in the Poisson’s ratio is taking place after the freeze of the
pores. Two graphs are provided for different temperatures to
present how the deviatoric stress during a triaxial compressive
test is changing due to temperature drop.
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material, water becomes ice. The aim of this paper was to
present a preliminary research on how cooling of rock affects
the elastoplastic behavior of the material.
Research is now taking place to implement damage effects
on rock for a better approximation of experimental results.
Experimental work is also scheduled to be done for the
validation and better calibration of the numerical model. This
can then give a tool for many applications like CO2 injection
procedures.
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