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a b s t r a c t
The characterisation and classiﬁcation of particle form are typically based on the consideration of the main particle dimensions, for the derivation of which no method has been unanimously accepted or proven to be representative of its morphology or load-bearing capabilities. This study proposes a weighted fabric tensor, named
“surface orientation tensor”, that characterises the form of an individual particle. Using the eigenvalues of this
tensor, efﬁcient measures of compactness, ﬂakiness and elongation are proposed. In comparison to the traditional
oriented bounding box approaches, it has the advantage that it is based directly on the orientations of the normal
vectors of the faces forming the surface of the particle, i.e. those directions along which the particle can best transmit contact forces to its neighbours. The advantages of the proposed approach are pointed out with discrete
element simulations on assemblies of polyhedral particles.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction
Granular assemblies (e.g. gravel, crushed stone, sand, systems
consisting of rock boulders) are used as load-bearing material in several
ﬁelds of structural and geotechnical engineering. The shapes of individual particles signiﬁcantly affect the packing characteristics and overall
mechanical behaviour of the assembly [1,2]. Hence, there are many different shape descriptors in the design of such systems for the characterisation and classiﬁcation of irregular particle geometries. For example,
ancient masonry structures are made up of individual stone blocks the
shape of which - especially in the case of non-mortared joints - has a
great effect on the load-bearing capacity of the overall structure. Another typical example of the signiﬁcance of particle shape is found in
railway ballast stone assemblies [3]. Compact grains are typically less
exposed to breakage [4]. In contrast, elongated and ﬂat grains play an
important role in the interlocking behaviour of the material. Furthermore, particle shape plays an important role in the dynamic response
of particulate materials such as dusts [5]. The increasing need to get a
better understanding of the role of particle shape on the meso and
macro-scale mechanical properties at an assembly level requires the
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deﬁnition of better quantitative parameters for the description of particle shape. Overviews of the different existing suggestions are given in
[6–9]. There are three aspects of particle shape depending on the scale
of characterisation [10], namely form (large scale), roundness or angularity (intermediate scale) and surface texture or roughness (small scale).
This study focuses on the characterisation of particle form.
Regarding classiﬁcation, usually, four main types of form are distinguished in the engineering practice: (1) compact (e.g., a cube or a
sphere), (2) ﬂat (e.g., a disc, or a plate), (3) elongated (e.g., a thin column
or a needle) or (4) ﬂat-elongated or bladed, as in the fundamental paper
by Zingg [11]. Note that the fourth category is not always considered in
some of the approaches. The classiﬁcation of a particle is typically done
according to the mutual relations between three characteristic dimensions (termed in different ways in the literature, e.g., length, breadth
and thickness in [12]). Several approaches have been proposed in the
literature on how to deﬁne these dimensions and how to apply them
for the quantitative characterisation of particle form and its classiﬁcation in one of the four basic types. However, there has been no agreement in the literature on a most suitable technique. The reason for the
disagreement is partly explained by the fact that different engineers
and researchers use these classiﬁcation systems for widely different
applications.
Many form characterisation methods consist of two steps:
i) approximate the irregular grain with a simple shape and determine
its characteristic dimensions (e.g., edge lengths of a cuboid, axes lengths
of an ellipsoid), ii) calculate form descriptors using these parameters.
Both steps can be carried out in several ways, which often lead to
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Instead of using a minimal oriented bounding box, other methods
have been applied in the shape characterisation of geomaterials to estimate the principal dimensions of particles, like the principal component
analysis (PCA) [26–28]. This statistical technique can be employed to
detect the principal orientations of a discrete dataset, which in this
case are the coordinates of the particle's vertices. Conceptually, these
principal orientations show the trend of the data, through minimisation
of the covariance matrix of the original dataset. The particle is then rotated to its principal orientations and the oriented bounding box is
formed from the six extreme coordinates of the particle vertices, in its
principal system. The oriented bounding boxes resulting from this approach are not guaranteed to be of minimal size using any metric,
e.g., volume or surface area.
After the oriented bounding box is computed with one of the several
available methods, the next step is to compute form descriptors. Several
formulae have been proposed in the industrial practice, standards, and
literature to characterise particle form. Bar sieves classify a grain as
ﬂat, if its c/b ratio is lower than 0.5; otherwise, it is compact. However,
when a shape calliper is used, the grain is categorised as ﬂat if its c/a
ratio is lower than 1/3. Zingg [11] introduced a simple classiﬁcation system, using the ratios of the particle dimensions b/a and c/b. Although
Zingg only used the terminology “b/a ratio” and “c/b ratio” in his thesis,
these ratios have been named in the literature as ﬂakiness (or ﬂatness)
and elongation, respectively. Note that the ratio c/b appears both in
Zingg's classiﬁcation system and in the bar sieve classiﬁcation method.
Kong and Fonseca [28] proposed an alternative calculation for the ﬂatness and elongation indices of shelly carbonate grains, employing the
complementary percentages of the Zingg parameters, so that ﬂatness =
(b − c)/b = 1 − (c/b) and elongation = (a − b)/a = 1 − (b/a).
The oriented bounding box method has been applied for a wide variety of purposes in the literature and by the engineering practice. However, from the point of view of load-bearing behaviour of stone
assemblies, it has the disadvantage that the suggested characteristics
are not based directly on the stone faces, which can form contacts
with the neighbouring grains. Furthermore, the output of modern scanning techniques is in most cases a set of surface triangles (nodal coordinates), and extra effort is needed to determine the oriented bounding
box from these data which can be done several ways. e.g., i) iteratively
ﬁnding the cuboid with minimal volume/surface area/summarised
edge length, ii) detecting the furthest and closest vertices, which form
a perpendicular system iii) or based on the PCA method.
There are other form characterisation methods which do not require
to assign a simple geometry to analyse an irregular grain. The principle
of spherical harmonics analysis (SHA) [23,29] has been used to reconstruct a three-dimensional geometry using a series of trigonometric
functions. Several shape descriptors have been proposed, which are
computed using the coefﬁcients of these functions, while the ﬁdelity
of the description is based on the number of the considered parameters.
Additionally, the application of fractal analysis, originally introduced to
characterise particle roughness and grain size distribution [30], can be
extended to quantify particle form as well [31]. Both methods require
the implementation of specialised numerical codes in order to be
realised for analysed geometry. In Sections 3 and 4. we compare the
proposed method against the application of the oriented bounding
box as it is a well-established method to estimate the main dimensions
of irregular particles in both industrial and research practice.
Hence, the aims of the present study are: i) (Section 2) to propose a
computationally simple, straightforward method to characterise the
form of individual irregular grains and particles in such a way that the
orientations of the faces of the particle would provide the basis of
the characterisation. Our expectations from the new method are: to
provide measures of compactness, ﬂakiness and elongation, (CFE) and
to compute these without any modiﬁcation on triangulated 3D surface
representation of the grain, so it can be applied in the future e.g., in
the postprocessing software of 3D scanners. ii) (Section 3) to compare
the proposed CFE indices based on the surface orientation tensor with

contradicting results, making this point of the procedure a source of ambiguity and subjectiveness. The properties of the applied measurement
equipment also have a strong inﬂuence on the deﬁnition of different
methods.
A popular approach considers the particle dimensions equal to the
size of a minimal oriented bounding box (OBB) [13]. The main idea of
this approach is to include the analysed particle in a cuboidal bounding
volume which is “smallest” in some sense (“smallest” can be realised,
e.g., in terms of its volume or surface). There are different versions in
the literature on how to deﬁne this minimal bounding domain. Hence,
ambiguities exist about the deﬁnition of “length”, “width” and “breadth”
of the considered particle. In any case, however, the dimensions a ≥ b ≥ c
are received as the side lengths of the brick-shaped enclosing domain.
Based on them, different alternative characteristics can be deﬁned,
which are then used to characterise and classify the form of the analysed
particle geometry.
A manual, cost-effective way to characterise the form of a single
coarse-sized grain experimentally is performed by measuring the
main dimensions using a simple calliper, aiming to get an approximation of its Feret diameters. Theoretically, this is also based on the oriented bounding box approach. The Feret diameters can be deﬁned as
the perpendicular distances between parallel tangents touching opposite sides of the particle surface [14]. They can be seen as the edges of
an oriented bounding box if the three measuring directions are orthogonal. The orientation of the minimal oriented bounding box is estimated
visually by the measuring personnel, usually simply by appointing the
largest distance between any two points to be the length a of the oriented bounding box. The three sizes are then determined by the calliper,
which requires experience and is a source of user-induced errors; for instance, the three measured sizes may not be precisely perpendicular to
each other. Moreover, estimating the minimal oriented bounding box
visually is often not obvious, especially for the longest size, a, in case
of compact particles. Hence, the length a is often replaced by the biggest
possible distance that can be measured. It should be emphasised that estimating the three main particle dimensions by a calliper is uncertain
and subjective.
Another important argument against the application of the calliper
method in the engineering practice is that industry requires the characterisation (and separation of the different forms) not just for a few single grains, but for large assemblies, which is not feasible to do using the
rather time-demanding calliper method. The analysis of size distribution and the characterisation of form are done separately in the industrial practice. At the price of losing accuracy, only two types of grain
forms are typically distinguished: (1) equant and (2) ﬂat ones. Two techniques are widely applied: the ﬁrst is to use bar sieves (sieving devices
with elongated apertures, similar to egg-slicers) or ﬂakiness index
gauges (plates with elongated apertures) after square sieving is applied
to determine the size distribution. According to the ratio of the weight
of grains passing through the corresponding bar sieve or plate, the “ﬂakiness index” [15] parameter is calculated for each fraction. The second
technique is to use a shape calliper which decides whether the grain is
ﬂat or not (preliminary square sieving is not required). After determining
the weight ratio of the two types, the “shape index” [16] is calculated.
Modern imaging techniques, which can digitise three-dimensional
grains, have extended the possibilities of accurate measurements by
allowing to calculate the oriented bounding box with numerical computational methods. 3D scanning techniques (e.g., laser/structured light/
blue light scanners) can reconstruct the geometry of the grain surface
with a 3D point cloud [17]. Moreover, besides single grains [18–20],
computed tomography (CT) can digitise assemblies that consist of several thousand particles [21]. Micro-CT is able to capture the geometry of
aggregates with small particles (e.g., sands or silts) [22–24]. So, the size
of the oriented bounding box(es) can be computed for the particles in
an automatized manner [25], but the difﬁculty of which method to
choose to get the three main dimensions, and how to deﬁne the algorithm which computes it, remains.
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oriented bounding box-based methods found in the literature. iii)
(Section 4) to test the applicability of the proposed method in the characterisation of the principal orientations of individual grains as members of an assembly in simple examples and to compare with the
orientation of the bounding boxes and the contact normal fabric tensor
(CNF). iv) (Section 5) to generalise the method for application to
smooth surfaces.

3. Because of containing the dyadic product of n(k) with itself, any of the
vectors n(k) can turn into its opposite without causing any change on
the resulting surface orientation tensor. (Hence, when determining
the surface normal vectors from scanned images, they may be either
inwards or outwards.). (Hence, when determining the surface normal vectors from scanned images, they may be either inwards or outwards.)

2. Deﬁnition of the surface orientation tensor

It is important to emphasize that the surface orientation tensor is a
characteristic of a single grain and not of a complete assembly.
The three eigenvalues of the tensor are denoted as f1 ≥ f2 ≥ f3. The
conceptual meaning of the eigenvector that belongs to f1 is the
direction about which the particle mostly prefers to have contacts
with its neighbouring particles. More precisely, the ﬁrst eigenvector of
the SOT reﬂects the preferred contact orientation with an inﬁnite
plane. For a thin, ﬂat, disc-shaped polyhedral plate, the eigenvector belonging to f1 is the orientation of the two large faces' normal vector. If
such a particle were to come into contact with an inﬁnite plane, it
would align its ﬂattest side with the plane and this can be captured by
the eigenvectors of the SOT. For a regular polyhedron (e.g., a cube),
the three eigenvalues are equal, which means that there is no preferred
orientation. For a very long and thin elongated particle, the smallest eigenvalue, f3, is close to zero, and the corresponding eigenvector
approximates the normal vector of the two distant, small closing faces
of the rod, while the two large eigenvalues are close to each other
approaching 0.5.
Using the three eigenvalues, the following parameters can be deﬁned and then applied for the characterisation of individual particle
forms:

The essence of our approach is to apply a special weighted fabric tensor directly on the faces of a particle. Fabric tensors [32,33] have been
used for many decades to a wide variety of purposes, whenever the directional distribution of a collection of unit vectors had to be
characterised. Different fabric tensors have been proposed for the characterisation of the mechanical state of granular assemblies, e.g. by Li and
You [34] or Shertzer [35]. In granular mechanics, the fabric tensors were
generally applied to characterise a whole assembly, not of an individual
particle or stone piece. In most applications, the vector set on which the
fabric tensor was built was the contact normal vectors in the assembly;
a recent example for the characterisation of stress-induced anisotropy
using a fabric tensor can be found in [36]. Other attempts also exist;
Konishi and Naruse [37], for example, expressed the orientational distribution of the voids in the granular system. However, the line of thought
for the deﬁnition is always the same; irrespectively of the mechanical
meaning of the considered unit vectors.
The general deﬁnition of the simplest second-order fabric tensor for
contact normal vectors describing a set of M vectors of unit length vi (1),
vi (2), … vi (M) is as follows:
φij ¼

1 M  ðkÞ ðkÞ 
∑ v v
M k¼1 i j

ð1Þ

The summation goes along every member of the vector set. In order
to include state characteristics, the terms in the summation may receive
a weight (e.g. if v(k) is the contact normal vector in an assembly, the
magnitude of compressive force in the k-th contact can be used for
weighting so that larger emphasis is given in the orientational distribution to those contacts that carry larger compression than others). Different alternative weighted fabric tensors can be produced this way on the
same set of unit vectors, carrying different physical meanings.
The aim of the present paper is, however, to characterise not a complete assembly but an individual stone: partly to ﬁnd suitable measures
of compactness/ﬂatness/elongatedness, and partly to point out those directions along which the considered individual stone mostly prefers to
be in contact with its neighbours. Hence, in the proposed approach,
the vectors will be the outward unit normal of the faces of the analysed
polyhedral stone, and they will be weighted with the area of the face
they belong.
Assume that the surface of the considered convex or concave polyhedral particle consists of planar faces 1, 2, … k, …. Denote the corresponding outwards unit normals n(1), n(2), … n(k), … . The faces have
areas A(1), A(2), … A(k), … respectively. The surface orientation tensor
(SOT), fij, was ﬁrstly deﬁned in [38]. A more detailed description is provided below. The tensor is deﬁned as:
f ij ¼

1
ðkÞ

∑A



ðkÞ ðkÞ
∑ AðkÞ ni nj
ðkÞ

f3
f1

ð3Þ

f 1− f 2
f1

ð4Þ

Compactness: C ≔

Flakiness: F ≔

Elongation: E ≔

f 2− f 3
f1

ð5Þ

Note that similarly to the eigenvalues f1, f2 and f3, the three
characteristics C, F and E also sum up to 1. The form of a stone can be
visualized as the location of a point on a triangular map (i.e. ternary
plot), using the coordinates C, F and E in a similar way as was done in
case of other characteristics, e.g. by Sneed and Folk [39] as seen on Fig. 1.
It becomes evident that this method of morphology characterisation
can easily be applied in post-processing the output of usual 3D surface
imaging techniques, which produce a point cloud representing the surface of the grain with a certain density and precision, and from this, produce a surface mesh with suitable software. The surface orientation
tensor is easy to determine from this mesh, and then the three metrics
of compactness, ﬂakiness and elongation can simply be calculated
using its eigenvalues. It is noteworthy that the surface mesh produced
after the surface scanning can be either triangular, quadrilateral or its
faces can be irregular polygons, as the tensor considers only the area
and the normal vector of each face, while the overall grain shape can
be an arbitrary polyhedron, even can be concave.

ð2Þ

ðkÞ

3. Application for form characterisation

where the summation with index (k) goes along the faces. The following
properties can be recognized about this tensor:

The form descriptors C, F, and E are computed from the surface orientation tensor's eigenvalues, with Eqs. (3)–(5). They were then compared with existing form indices, introduced in Section 1. And also,
with the results of applying Eq. (11) on the minimal oriented bounding
box of each particle.

1. Since it is symmetric, its eigenvalues are real numbers, and its eigenvectors are pairwise perpendicular to each other.
2. The tensor's trace is equal to 1, and the three eigenvalues are nonnegative, so they are all between 0 and 1 and sum up to 1.
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Fig. 1. The proposed triangular map, which illustrates the form of a grain.

3.1. Simple brick shapes
Afront ¼ a⋅b ;
Fig. 2 shows an introductory example: a brick whose edges are oriented according to the (x1, x2, x3) coordinate axes in such a way that
the corresponding dimensions of the brick are a ≥ b ≥ c, respectively.
The characteristics (i.e., areas and outwards unit normal) of the six
faces are:
2 3
2
3
1
−1
6 7
6
7
Aright ¼ b⋅c ; nright ¼ 4 0 5 ; Aleft ¼ b⋅c ; nleft ¼ 4 0 5
ð6Þ
0

Atop ¼ a⋅c ;

ntop

2 3
0
6 7
¼ 415 ;
0

Abottom ¼ a⋅c ;

0

Aback ¼ a⋅b ;

nback

3
0
6
7
¼4 0 5
−1

ð8Þ

From these data, the surface orientation tensor can be determined:
2
b⋅c 0
1
6
f¼
4 0 a⋅c
a⋅b þ a⋅c þ b⋅c
0
0

0

3

7
0 5
a⋅b

ð9Þ

This is a diagonal matrix, which means that the eigenvalues are seen
in the main diagonal:

3

6
7
nbottom ¼ 4 −1 5

2

1

0
2

nfront

2 3
0
6 7
¼ 405 ;

ð7Þ

f1 ¼

0

a⋅b
a⋅c
b⋅c
≥ f2 ¼
≥ f3 ¼
ð10Þ
a⋅b þ a⋅c þ b⋅c
a⋅b þ a⋅c þ b⋅c
a⋅b þ a⋅c þ b⋅c

From them, based on Eqs. (3)–(5), the form descriptors are
expressed as:
c
c
c c
C ¼ ; F ¼ 1− ; E ¼ −
a
b
b a

ð11Þ

Note that for this simple brick shape the expression for ﬂakiness in
Eq. (11) coincides with the ﬂatness, deﬁned by Kong and Fonseca [28].
Furthermore, the term c/b is one of the Zingg parameters, while the
term c/a can be seen as the product of the two Zingg parameters,
i.e., c/a = c/b × b/a and it is also the result of using a shape calliper.
This term of c/a has been used in the literature to represent the compactness of soil grains [6], where it was referred to as “equancy”. It
should be emphasised that obtaining Zingg parameters using the surface orientation tensor is a special case, where the tensor is calculated
for generic cuboids. Thus, the application of the tensor to irregular particles is expected to yield different results from Eq. (11).
Three special cases are analysed, in order to illustrate the meaning of
C, F and E. Table 1 summarizes the C, F, E values for limit cases when the
largest size tends to inﬁnity, and the smallest size tends to zero.
In the ﬁrst case, let the brick be strongly elongated in the x1 direction,
so that a >> b = c. In this case, the compactness is C = c/a ≈ 0, the

Fig. 2. A simple brick: Introductory example.
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Table 1
Form parameters for the three extreme bricks.
Geometry

Dimensions

a >> b = c

a = b >> c

a=b=c

Method

Compactness
(C)

Flakiness
(F)

Elongation
(E)

SOT
Kong and
Fonseca
SOT

0

0

1

–

0

1

0

1

0

–

1

0

1

0

0

–

0

Kong and
Fonseca
SOT
Kong and
Fonseca

0

shows a non-linear relationship to the Zingg parameters, unlike ﬂakiness, since elongation was deﬁned in this study as c/b−c/a, where c/a
is the product of the two Zingg parameters.

ﬂakiness is F = 1 − (c/b) ≈ 0, and the elongation is E = c/b − c/a ≈ 1. It is
an elongated shape.
In the second case, let the brick be very ﬂat in the x3 direction so that
a = b >> c. Now C = c/a ≈ 0, F = 1 − (c/b) ≈ 1, and E = c/b − c/a ≈ 0.
It is ﬂat.
In the third case let the brick be a cube, a = b = c. Now C = c/a ≈ 1,
F = 1 − (c/b) ≈ 0, and E = c/b − c/a ≈ 0. It is indeed a compact shape.
Table 1. shows the shape indices used by Kong and Fonseca (2018), for
the introduced extreme geometries. Note that Kong and Fonseca (2018)
do not consider a compactness index. It becomes evident that the extreme ﬂakiness and elongation values agree with the ones calculated
with the surface orientation tensor.
A direct comparison of the proposed formulae for compactness, ﬂakiness and elongation with existing methods is meaningful, to demonstrate the values of the tensor for a range of cuboids with different
aspect ratios. To this, a Zingg plot is selected, considering that the proposed formulae can be easily plotted along the axes: c/b vs b/a, the
values of which are varied from 0 to 1. Fig. 3. is an enhanced Zingg
plot, where the contours represent the values of compactness, ﬂakiness
and elongation, calculated using the surface orientation tensor, while
the secondary axis system (up and right) displays the values of ﬂatness
and elongation, as deﬁned by Kong and Fonseca (2018). The dotted lines
at values 2/3 for c/b and b/a represent the boundaries of the Zingg classiﬁcation system, which considers the categories: “oblate” (up-left),
“equant” (up-right), “triaxial” (down-left) and “prolate” (down-right)
[6]. It is noteworthy to observe that compactness decreases symmetrically from the top-right corner (equant region) to the lower-left one,
ﬂakiness takes the same values as ﬂatness in [28], while elongation

3.2. Idealised particle shapes: Effect of roundness
Having discussed the oriented bounding box-based approaches, it
becomes evident that characterising particle form using three main particle dimensions is inﬂuenced signiﬁcantly by the method chosen to estimate these dimensions. For simple shapes, this can be trivial, as e.g. an
ellipsoid and a cuboid with the same aspect ratios will have the same
form indices, if a minimal oriented bounding box is considered. This is
favourable, as the form indices should be independent of roundnessrelated features. Though, computing the main dimensions of real particles, which are guaranteed to be representative of the particle form is a
challenging task.
Employing the surface orientation tensor bypasses the need to estimate these main dimensions, as the whole particle surface is contributing in the calculation of the form indices. Though, since the surface
orientation tensor is calculated using the surface areas and normal
vectors of the particle faces, it is important to quantify whether the proposed indices are affected signiﬁcantly by roundness features. To this
end, three sets of superellipsoids were studied, described by the expression (x/rx)p + (y/ry)p + (z/rz)p = 1, where p is the degree (exponent) of
each superellipsoid and rx, ry, rz are the semi-axes lengths; each set has
the same aspect ratio, namely 1.0 × 1.0 × 1.0 for the compact one,
1.0 × 1.0 × 0.2 for the ﬂat one and 1.0 × 0.2 × 0.2 for the elongated
one, with varying exponent values, from 5 to 100, effectively controlling

Fig. 3. Visualisation of the proposed compactness, ﬂakiness and elongation indices for cuboids of different aspect ratios on a Zingg plot. The notation KF on the ﬂatness and elongation
values of the secondary axis system stands for Kong and Fonseca (2018).
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Fig. 4. Superellipsoids with aspect ratio 1 × 1 × 1 (left) and their CFE indices (right). (The values of F and E are always zero, so their lines are overlapping.)

of particulate materials for all main aspects of particle shape, i.e. form,
roundness and roughness. SHAPE is used in this study to calculate the
minimal oriented bounding boxes and the form indices (compactness,
ﬂakiness and elongation) which are based on the oriented bounding
box. In addition, the surface orientation tensor has been implemented
within the code as well, allowing for a direct comparison with alternative, existing deﬁnitions of ﬂatness and elongation, which make use of
the dimensions of an oriented bounding box. Considering the large number of different shape descriptors that currently exist in the literature,
such a grain-shape characterisation code offers a fast and quantitative
comparison between new and existing indices. The morphology of
groups of particles can be processed in an automated workﬂow, allowing
for the characterisation of large particulate assemblies in an efﬁcient and
seamless manner.
In this study, a second functionality of SHAPE is exploited, regarding
the simpliﬁcation of particle morphologies, to levels and forms acceptable by our numerical tools. Shape simpliﬁcation was carried out
employing mesh-reduction techniques, and in particular “edge-collapse”.
This mesh reduction technique detects the smallest edges of the mesh of
a particle, deletes them and connects the neighbouring vertices, resulting
into a simpliﬁed particle surface with larger edges. Edge-collapse is

particle roundness, while keeping larger features of the particle geometries constant. These idealised particle shapes can be seen in Figs. 4–6.
The green colour on the top of the cuboids is used to highlight some of
the areas affected by the rounding of corners and edges. It becomes evident that for increasing exponent values, the form indices are initially
varying, until they reach constant values, for the larger exponent (and
angularity) values. It should be noted that for the smaller exponents,
where the form indices demonstrate differing values, this variation is
limited in range (e.g. a maximum of 0.067 for the ﬂat particle), demonstrating that these indices can provide representative measures of particle form.
3.3. Digitised ballast particles
The surface orientation tensor and the C, F, E values based on it were
used to study the morphology of 50 scanned ballast grains. These grains
were scanned by Xiao et al. [40] using a handheld laser scanner, and their
material is granite, while their sieve sizes vary within the range of 16 mm
to 63 mm. The scanned particles were processed using the Shape
Analyser for Particle Engineering (SHAPE, [41]), a recent MATLABbased open-source code, which performs morphology characterisation

Fig. 5. Superellipsoids with aspect ratio 1 × 1 × 0.2 (left) and their CFE indices (right).
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Fig. 6. Superellipsoids with aspect ratio 1 × 0.2 × 0.2 (left) and their CFE indices (right).

compactness measure (left plot); according to the SOT ﬂakiness measure (middle plot); and according to the SOT elongation measure
(right plot). This allows for a direct comparison between different characterisation systems. From these graphs, it becomes evident that the
trend of the values of compactness, ﬂakiness and elongation using the
surface orientation tensor are in agreement with the Zingg classiﬁcation
system, for the given range of c/b and b/a ratios of the analysed particles.
In particular, the left plot in Fig. 7 shows high values of SOT compactness (C ≥ 0.4) for the grains belonging to its upper right region,
which are also characterised as compact according to the Zingg classiﬁcation system. On the other hand, the particles falling in all the
rest regions of the plot show lower SOT compactness values. This
trend is also veriﬁed using the deﬁnitions of Kong and Fonseca
(2018), who predict low ﬂatness and elongation for the upper right
region of the Zingg plot.
The middle plot in Fig. 7 demonstrates high values of SOT ﬂakiness
(F ≥ 0.4) for the particles belonging to the upper left region, which are
characterised as ﬂat according to the Zingg classiﬁcation system. The
particles falling on the right region of the plot demonstrate consistently
low values of SOT ﬂakiness. Some high SOT ﬂakiness values are recorded
in the lower left region, corresponding to “blade” particles according to
the Zingg classiﬁcation system, i.e. particles that are both ﬂat and elongated. This trend is in agreement with the ﬂatness and elongation as

performed using CGAL, binaries of which are compiled inside iso2mesh,
which is a dependency of SHAPE. SHAPE provides simultaneous
monitoring of the alteration of particle morphology during the shape
simpliﬁcation process, so that the particle of reduced ﬁdelity is not
oversimpliﬁed and thus retains some association to the morphology of
the original particle. The simpliﬁed particles used in this study were
selected to be convex, to satisfy the convexity criterion posed by the
applied numerical solver (in Section 4). Then, the ﬁles containing the
geometry of the of the simpliﬁed ballast grains were generated by the
code in the stereolithography ﬁle format (.stl), which is used by the
employed discrete element code (PFC3D [42]) to import polyhedral
particles.
The morphology characterisation results of these grains were used
to compare the form indices calculated using the surface orientation
tensor (SOT) with two existing methods proposed to characterise particle form. Fig. 7 shows a bubble chart with the values of compactness,
ﬂakiness and elongation calculated according to the two existing
methods (Zingg [11]; Kong and Fonseca [28]) for the 50 analysed
grain shapes, as represented by the locations of the bubbles. The colour
and the size of the bubbles correspond to the compactness, ﬂakiness
and elongation calculated using the surface orientation tensor. On the
three Zingg plots in Fig. 7 the locations of the bubbles are the same
across all subplots, but the colours and sizes vary according to the SOT

Fig. 7. Bubble charts for Compactness, Flakiness and Elongation of 50 ballast grains, using the surface orientation tensor, plotted along the axes of a Zingg plot. The notation KF on the
ﬂatness and elongation values of the secondary axis system stands for Kong and Fonseca (2018). The size and colour of each bubble correspond to the value of each shape parameter.
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An important difference between the two approaches of
i) computing the surface orientation tensor of a particle against ii) computing the surface orientation tensor of its oriented bounding box is
their sensitivity to the existence of sharp corners near the ends of the
particle. The deﬁnition of the SOT makes the tensor insensitive to
sharp corners, since these occupy a small portion of the total surface
area, which is used to normalise the tensor. Contrarily, such corners
can inﬂuence strongly the size and orientation of the oriented bounding
box, if they exist in the region of one of the extreme vertices used to calculate its size. It is known that the existence of sharp corners signiﬁcantly affects the bulk mechanical behaviour of a granular assembly
[18,43]. However, these morphological features are attributed to roundness, and so they should not be captured by the proposed form indices.
This is advantageous, since the tensor aims to characterise particle form
and not angularity. With the same rationale, smaller features related to
surface texture (roughness) are expected to have small contribution in
the calculation of the SOT due their limited surface area. Also, these
small roughness features have typically such random orientations in
geomaterials that they are expected to cancel out in the calculation of
the SOT.
In addition, the different available methods to calculate the oriented
bounding box can lead to different particle dimensions. This drawback
does not exist in the proposed approach, as the surface orientation tensor is deﬁned in a straightforward and deterministic way.

deﬁned by Kong and Fonseca (2018), represented by the secondary axis
system.
On the right plot, the large bubbles, corresponding to very elongated
particles according to the SOT deﬁnition (E ≥ 0.4), are collected on the
lower right region, where the Zingg parameters as well as the Kong
and Fonseca parameters suggest to have the most elongated grains.
Low SOT elongation values are recorded in all other regions.
A qualitative agreement was found in the trend of the proposed
shape indices with the Zingg classiﬁcation system and the formulae of
ﬂatness and elongation proposed in [28] for real ballast grains. In the
next step, it was investigated how the surface orientation tensor
method, which is based directly on surfaces on the grain performs compared to the oriented bounding box-based approaches. To have a common base for comparison, the formulae proposed in Eq. (11) for generic
cuboids were applied on the oriented bounding box of each grain to
characterise its form. This was implemented to essentially identify the
effect of considering three simpliﬁed particle dimensions in the characterisation of particle form, in contrast to a more detailed (yet computationally cheap) computation of the surface orientation tensor for the
actual particle geometry. Since Eq. (11) was derived from the application of the surface tensor, direct comparisons can be made for each of
the shape parameters, separately. Figs. 8–9. show this comparison in
the form of a ternary plot and one-to-one plots, respectively.
The conclusion is drawn that the shape parameters of the ballast
grains using the surface orientation tensor differ notably from the
ones calculated from the application of Eq. (11) on the oriented
bounding boxes. A consistent trend was found (Fig. 9) as in all 50
cases, the compactness calculated using the surface orientation tensor
directly on the particle surfaces is smaller than when using the oriented
bounding box of the particles. The ﬂakiness seems consistently higher,
and the elongation seems higher in most cases as well, although with
a smaller scatter than ﬂakiness. The difference between the SOT and
the OBB results in Figs. 8–9. stems mainly from the fact that applying
the SOT takes into account the full, complex surface of the examined
ballast particles, including concavities, large ridges etc., while using
the OBB of the particles omits this level of morphological information.

4. Application for prediction of preferred contact orientation of individual grains
The surface orientation tensor is directly based on the normal vector
and area of the faces that make up the surface of the grain. Its ﬁrst eigenvector (i.e. the eigenvector that corresponds the biggest eigenvalue) describes the direction in which the grain has the largest apparent surface.
Being a member of an assembly, the grain is expected to most likely establish contacts in that direction; hence the surface orientation tensor is
expected to be related to the most preferred load transmission directions, i.e. the fabric of the granular material. To prove this hypothesis,
polyhedral packings were created in the discrete element [44] software
PFC3D [42] and the ﬁrst eigenvectors of the surface orientation tensor
were compared with ﬁrst eigenvectors of the contact normal fabric tensor (Eq. (1)) of each grain. On the other hand, the directions of the
shortest edge of the particle's oriented bounding boxes (i.e. the normal
vector of their largest surface), were also inspected in comparison to the
contact normal fabric tensor. The hypothesis behind this comparison
was that the surface orientation tensor gives a better prediction to the
preferred contact orientation of the individual particles than the oriented bounding box approach.
Three different ballast grains, a compact, a ﬂat and an elongated one,
were multiplicated to generate random, monodisperse assemblies from
each. The original, high-resolution scans were simpliﬁed with SHAPE in
the following way: their convex hull was generated, and then the number of faces was reduced to 50 (Fig. 10, upper row). Three random
monodisperse particulate assemblies, each consisting of 1000 polyhedral elements, were created from each selected shape, leading to 9 assemblies in total (Fig. 10, lower row). This was performed to ensure
consistency of the results for each shape type. Regarding sample preparation, ﬁrstly, a very loose random assembly was generated, with the
particles not intersecting initially, which was left to settle under gravity
into a cuboidal, hollow box with rigid walls. Gravitational deposition
was used due to its simplicity since the scope of this investigation was
not to replicate a speciﬁc fabric. The polyhedral elements were not
rounded in any way, while the linear contact model was applied,
consisting of two linear springs and dashpots: one in the normal and
one in the shear direction. The contact and other simulation parameters
are shown in Table 2. The assembly was considered to be in equilibrium
when the mean of the unbalanced forces acting on the elements divided
by the maximum contact force (i.e., unbalanced ratio) was smaller than

Fig. 8. Ternary plot of ﬂakiness, elongation and compactness for 50 grains, calculated using
(red dots) the surface orientation tensor (SOT) and (blue circles) the dimensions of their
oriented bounding boxes (OBB) and Eq. (11). (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 9. One-to-one comparison of compactness, ﬂakiness and elongation calculated using the surface orientation tensor (SOT) and the dimensions of their oriented bounding boxes (OBB)
and Eq. (11).

5 × 10−5 [−]. These states of equilibrium were saved and served the
basis of analysing the orientations with the above methods. In order to
speed up the equilibrating process, the linear and angular velocities of
the elements were set to zero every 1000 timestep.
The surface orientation tensor deﬁned in Eq. (2), contact normal fabric tensor belonging to the single grain as deﬁned in Eq. (1), and oriented bounding box were computed for each grain in the assemblies
as follows. The contact normal fabric tensor, surface orientation tensor
and their eigenvectors were computed for each grain in PFC3D, then
the geometries of the elements were exported into .stl format for the
current orientation of the particles, being at an equilibrated state

under self weight. The .stl ﬁles were then imported into SHAPE, which
was used to compute the oriented bounding boxes. (Note: the formula
of the surface orientation tensor was also implemented into SHAPE to
validate the results of PFC3D and enable its convenient use for other researchers.) The polyhedral elements that were in contact with the walls
were skipped in the computations to reduce boundary effects.
The ﬁrst eigenvector of a grain's contact normal fabric tensor can be
considered as its main force-transmitting direction. Suppose a direction
given by a geometrical property correlates with that of the contact normal fabric tensor's. In that case, it means that this property can efﬁciently predict the direction in which the element is likely to establish

Fig. 10. The simpliﬁed grains with their CFE values (top) used in the DEM simulations and their corresponding assemblies (under them): a) compact, b) ﬂat and c) elongated.
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contacts. The eigenvectors of the tensor have unit length by their deﬁnition. The direction vector given by the shortest edge or the normal of the
largest face of the oriented bounding boxes were also normalized and
will be referenced as the “ﬁrst eigenvector of the oriented bounding
box” hereinafter. As the scalar (i.e., dot) product of two unit vectors is
1 if they are parallel, and 0 if they are perpendicular, the dot product
was applied to check the correspondence of the 3 directions of interest,
i.e. the directions of the ﬁrst eigenvector of the contact normal fabric
tensor, of the ﬁrst eigenvector of the surface orientation tensor and of
the ﬁrst eigenvector of the oriented bounding box. Fig. 11 shows the histograms of the absolute value of the scalar products between the ﬁrst eigenvectors of the surface orientation tensor and contact normal fabric
tensor, versus the ﬁrst eigenvectors of the oriented bounding box and
contact normal fabric tensor for each individual grain. It becomes evident that the surface orientation tensor performs better than the oriented bounding box, as it shows a better correlation to the contact
normal fabric tensor. The most distinct difference can be observed in
the case of compact grains, where the absolute scalar products between
the ﬁrst eigenvector of the oriented bounding boxes and the contact
normal fabric tensors show almost a uniform distribution, contrarily
to the absolute scalar products between the ﬁrst eigenvector of the

Table 2
Parameters of the DEM simulations.
Property

Value

Density (ρ)
Effective modulus (E)
Normal-to-shear
stiffness ratio (k)
Inter-particle friction
coefﬁcient (μ)
Normal critical damping
ratio (bn)
Shear critical damping
ratio (bs)
Dashpot mode
Gravitational
acceleration (g)
Local damping constant

2750 [kg/m3]
1 × 108 [Pa]

Timestep
Box element type
Box base size

2.5 [−]
0.3
0.5 [−]
0.5 [−]
1 (no tension in normal, full in shear direction)
9.81 [m/s2]
0.3 [−]
0.8 × critical timestep (=2.52 × 10−5 [s] for the
compact; 1.08 × 10−5 [s] for the elongated and
7.83 × 10−6 [s] for the ﬂat assembly)
Triangular facet elements
0.6 [m] × 0.6 [m] for the compact; 0.4 [m] × 0.4 [m] for
the elongated and ﬂat assemblies

Fig. 11. Scalar products of the ﬁrst eigenvector of the contact normal fabric tensor (CNF) with the ﬁrst eigenvectors of the surface orientation tensor (SOT) and the oriented bounding box
(OBB) for three packings of the compact (top), the ﬂat (middle) and the elongated (bottom) ballast particles shown in Fig. 10.
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The substitution of Eq. (14) into Eq. (13) leads to:

surface orientation tensors and contact normal fabric tensors, where
most of the scalar products are larger than 0.6. The smallest difference
is found in the case of ﬂat grains. This can be explained by the fact
that ﬂat grains have a highly pronounced form and a prominent primary
surface orientation. This was picked up by both the applied morphology
characterisation methods, which were used to identify the direction in
which the grain is more likely to form contacts. As seen in Fig. 11, the
surface orientation tensor has a better correlation to the internal support system of all the studied assemblies than the oriented bounding
box, and thus it can be asserted that the surface orientation tensor can
serve as an intuitive tool in the quantiﬁcation of the form of irregular geometries regardless of whether they are compact ﬂat or elongated if the
aim is to focus on the mechanics of the system.
Naturally, the force transmission network in a granular material
under different load conditions is not trivial [45]. This investigation
demonstrated that the SOT performs better than the bounding box for
gravity depositions, in predicting the orientation of the contact normal
fabric tensor. Further studies are needed to test the applicability of the
SOT in more complex loading conditions and particle morphologies,
such as highly concave and interlocking particles or particles with pronounced angularity features, which lead to stress concentration in
densely packed media.
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6. Conclusions
This study introduces the surface orientation tensor for the characterisation of particle form. The proposed surface orientation tensor is essentially a fabric tensor that belongs to the individual particle, and is
based on the outwards normal vectors of the faces forming the grain surface and weighted proportionally to the faces' surface area. For particles
with smooth surfaces, a generalized version of this tensor is suggested
for possible future theoretical studies. Two different applications of the
surface orientation tensor are studied in this paper: (1) the tensor's
eigenvalues can be used to characterise particle form by computing
measures of compactness, ﬂakiness and elongation; (2) its ﬁrst eigenvector (which corresponds to the largest eigenvalue) can predict the particle's major contact orientation. The surface orientation tensor has the
following properties compared to the existing approaches based on an
oriented bounding box of the grain:
• It is more sensitive to deviations from the compact form (i.e., to ﬂakiness and elongation) compared to applying Eq. (11) on the oriented
bounding box.
• It has the advantage that small sharp corners have less inﬂuence on
form indices.
• It has a better correlation to the orientational distribution of
contacts formed by the analysed grain when it becomes a member
of an assembly.
• It is calculated uniquely contrarily to the oriented bounding box,
which can be calculated, e.g., to have a minimal volume, surface
area, summarized edge length, or using the principal component
analysis method.
• It provides different results for different concave particles having
the same convex hull, unlike the minimal oriented bounding box.
• The contribution of each particle face in the calculation of the tensor is weighted according to its area, avoiding over-weighting
parts of the mesh due to clustering of vertices, whereas the typical
principal component analysis considers uniform weight for each
vertex.
• It can be easily computerised and the necessary code to calculate
the form indices is substantially simpler than in case of the oriented bounding box-based approaches.

ð13Þ

φ¼0

By considering a spherical coordinate system, the ni vector ﬁeld has
unit-length vectors, pointing from the origin, so it describes the outwards unit-normal vectors of the sphere surface which has a coincident
centroid with the origin of the coordinate system:
2

3
sin ϑ cos φ
6
7
nðϑ, ϕÞ ¼ 4 sin ϑ sin φ 5
cos ϑ

3
sinϑ cosφ cosϑ
2
sinϑ sinφ cosϑ 5r sinϑdϑdφ
cos2 ϑ

The SOT of a sphere is the same as the SOT of a cube, so the sphere is
also classiﬁed as a perfectly compact geometry (C = 1, F = 0, E = 0),
irrespectively of its radius, as expected.

Z2π
ni nj r 2 sin ϑdϑdφ

1=3

6
f¼4 0

ð12Þ

Zπ

sin2 ϑ cosφ sinφ
sin2 ϑ sin2 φ
sinϑ sinφ cosϑ

which gives the following result to the SOT (the calculations have been
veriﬁed using the Symbolic Math Toolbox in Matlab):

Similarly to the polyhedral case, after determining the eigenvalues of
this tensor, the same shape parameters of compactness, ﬂakiness and
elongation can be calculated for the characterisation of the stone's
form, in the same way as for polyhedral stones.
The analytic solution for the SOT of a sphere with radius r can be
computed as follows. Consider the general unit vector ni. Its angle
with respect to the third coordinate axis (“polar angle”) is denoted by
ϑ, and φ (the azimuthal angle) refers to the angle between projection
of ni on the (1,2) coordinate plane and the ﬁrst axis. This spherical
parametrisation was applied in the following calculations, where
φ ∈ [0, 2π] and ϑ ∈ [0, π]. The surface magnitude dS = (r2 sinϑ dϑ
dφ). Eq. (12) is expressed for a sphere as:

1

2

ð15Þ

ðSÞ

f ij ¼

φ¼0

sin2 ϑ cos2 φ
4 sin2 ϑ cosφ sinφ
sinϑ cosφ cosϑ
ϑ¼0 φ¼0

The surface orientation tensor can be deﬁned for non-polyhedral
particles of general shape as well. Considering that the complete surface
S is composed as a set of dS elementary faces, the deﬁnition of the surface orientation tensor for a general (concave or convex) particle
shape is:
1
∮ n n dS
∮ dS ðSÞ i j

1
2π

r 2 sinϑdϑdφ

ϑ¼0

5. Generalisation for smooth surfaces

f ij ¼

Z

π

Considering the current state-of-the-art in laser scanning technologies, the speed of a typical scanner does not allow yet for the imaging
of large granular samples in the engineering practice, as each grain
has to be analysed separately today. However, in view of the rapid technological developments around these methods, it is hoped that the

ð14Þ
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proposed characterisation method – if built into the post-processing
programs of surface scanners – will successfully ﬁnd its place in industrial and mining applications in the near future.
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Appendix A. Calculating the surface orientation tensor
Simplicity of calculation is one of the strengths of the Surface Orientation Tensor, compared to traditional approaches, which require the
calculation of an Oriented Bounding Box to deﬁne three main particle
dimensions. Fig. A1 demonstrates a simple code snippet written in
MATLAB, as part of SHAPE [41], computing the Surface Orientation Tensor of a surface mesh. Fig. A2 then shows a calculation of the eigenvalues
and eigenvectors of the tensor, along with measures for compactness,
ﬂakiness and elongation. These implementations are efﬁcient and robust, while they require a minimal set of available computing tools
and libraries, making this approach easy to develop across multiple programming languages and software.
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Fig. A1. MATLAB function to calculate the surface orientation tensor.
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Fig. A2. MATLAB function to calculate the eigenvalues and eigenvectors of the SOT, along with measures of compactness, ﬂakiness and elongation.
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